
Outline of the concept of stable relativistic radiation
sphere. A model of quasar?

L. Neslušan

Abstract The new possibilities to construct the stable
relativistic compact objects were opened by Ni in 2011,
after his discovery of new solution of the Einstein field
equations for the spherically symmetric distribution of
matter. The solution occurs to be the super-class of
the well-known Tolman-Oppenheimer-Volkoff solution
published in 1939. In the presented work, we consider
the equation of state for a radiation fluid and use the
Ni’s solution to construct the massive objects consisting
of radiation. We describe their fundamental properties.
Since there is no upper constraint of energy/mass of the
Ni’s object, the formally calculated gravitational mass
(from gravitational effects) of these objects can be as
high as observed for the super-massive compact objects
in the centers of galaxies and even in the most massive
quasars. In the solution by Ni, the gravitational acceler-
ation is not linearly proportional to the energy concen-
trated in the object. Actually, the models indicate that
the objects shold be extremely luminous, as quasars.
The most massive of them can have enough energy to
emit the radiation with a quasar luminosity during the
age of the universe. And, it is predicted that they must
possess an extremely extended ”corona” with the grav-
itational effects resembling those, which are assigned to
a dark matter.
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1 Introduction

The problem of the stable configuration of a star after

spending its nuclear fuel was solved, for the first time,

at the end of nineties thirties. The object which has
lost almost all its thermal energy and its mass exceeds

a certain limit was assumed to consists of neutrons be-

cause the electrons in the stellar plasma are pushed into

the atomic nuclei in the extremely strong gravity of the
object.

The first equation of state (EoS, hereinafter) used in

the models of the neutron stars was that of degener-

ated Fermi-Dirac neutron gas. It was derived by Chan-
drasekhar (1935) who used the previous work by Lan-

dau (1932). In a stable object, the gradient of pressure

has to resist the gravitational attraction. Since the ob-

ject appeared to be enormously compact, in sense that
the ratio of its mass and radius was relatively hight, the

spacetime inside it as well as in the surrounding empty

space was assumed and, actually, proved to be signif-

icantly curved. Therefore, the general relativity (GR)
had to be used to describe the object’s gravity.

The GR Einstein field equations (EFEs) (Einstein

1915, 1916) were simplified for the case of spherical

symmetry (SS) by Eddington (1922) and, later, by
Tolman (1939) who found the specific form of energy-

momentum tensor. Using the Chadrasekhar’s EoS and

Tolman’s form of the EFEs, Oppenheimer and Volkoff

(1939) created the first model of neutron star. These
authors found that the stable configuration of the ob-

jects without any internal source of energy can exist

for the objects with a mass up to a certain upper limit,

which was later named by them.
After the finding of the limitation of the upper mass

by Oppenheimer and Volkoff and repetition of their

proof as well as the improvement of the value of the

limit several times (Oppenheimer and Snyder 1939;
Rhoades and Ruffini 1972, and others), it seemed that
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the knowledge of the limit is ultimate. However, it may

not be true. Chinese researcher Ni (2011) found the
stable solution for an object of whatever large mass.

He considered the same equations as Oppenheimer and

Volkoff had done. We discussed some properties of the

object constructed using the Ni’s solution in our ear-
lier paper (Neslušan 2015). It appears that Ni found

a continuum of solutions, which can be regarded as

the super-class to the Oppenheimer-Volkoff (O-V) solu-

tions. The proofs of the maximum mass are correct, of

course, but valid only for the O-V sub-class of solutions.
It must be emphasized, however, that the applicabil-

ity of the Ni’s solution on real objects is questionable at

the moment. It appears that the O-V sub-class of solu-

tions as well as whole current astrophysics of relativistic
compact objects is based on the GR, the full validity

of which is constrained by two implicitly established

postulates. (We discuss the postulates and differences

between both Ni’s and O-V solutions of the EFEs in

Sect. 2.) The future observations will have to confirm
or reject if these postulates are actually reasonable. If

so, only the constrained GR is applicable to the objects

and phenomena in relativistic astrophysics. However,

if the postulates occurs necessary to be abolished, then
the whole variety of solution of the EFEs offered by the

GR can be used.

The Ni’s strategy to solve the EFEs in the SS case

works with every reasonable EoS. In this paper, we

consider the EoS for a radiation fluid and outline the
concept of stable configuration of a hypothetical object

constituted by this fluid. Hereinafter, we refer to this

object as to the ”relativistic radiation sphere” (RRS).

A prediction of the basic properties of such an object
is necessary for an identification of its potential really

existing counterpart and it can help to answer the ques-

tion if the Ni’s solution is or is not applicable to the real

objects. Even if the studied abstract object once occurs

to be only a theoretical construction, which cannot ex-
ist in reality, we think that our work can help us to

know a wider context of real relativistic objects.

We are, of course, aware of a wide variety of con-

ditions inside the potential real counterparts of con-
structed objects and, consequently, a lot of processes

and phenomena, which cannot be comprehended by the

single, here considered, EoS implying an uniform struc-

ture of object. We aim to create only some toy models,

which should give us a preliminary information about
the main qualitative properties.

2 The Ni’s solution and its differences from

the O-V solution

In the case of the SS metrics characterized with the line

element

ds2 = −eλ dr2 − r2 dϑ2 − r2 sin2 ϑ dϕ2 + eν c2dt2, (1)

in the spherical coordinate system r, ϑ, and ϕ, the EFEs

are (Tolman 1939; Oppenheimer and Volkoff 1939)
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The meaning of used symbols is following. λ and ν

are the auxiliary functions related to the components
of metric tensor grr and gtt as grr = −eλ and gtt = eν .

In the static case, λ and ν are only the functions of the

star-centric radial distance r. Further, c is the speed

of light, P is the pressure, E is the energy density, and

κ is the Einstein gravitational constant. The prime in-
dicates the derivative with respect to r. We regard as

worthy to use the SI units throughout the paper. These

units give the explicit and, therefore, a more transpar-

ent relationship between some quantities. In this sys-
tem of units, constant κ = 8πG/c4, where G is the

gravitational constant.

Using Eqs.(2)−(4), it is possible to derive the equa-

tion for the gradient of pressure, balancing the gravity,

in the form

dP

dr
= −

E + P

2
ν′. (5)

Oppenheimer and Volkoff (1939) replaced function λ

by another auxiliary function, u, defined by

u =
1

2
r
(

1− e−λ
)

. (6)

This function is constant in the vacuum outside the SS

object. In the approximative GR formulas, its position

is the same as the position of mass of the object in the
corresponding formulas of Newtonian physics. In more

detail, quantity u is regarded as identical to the mass

of a non-relativistic SS object, m, multiplied by the

gravitational constant, G, and divided by the quadrate

of light speed, c2. Explicitly, u(r ≥ Rout) = Gm/c2,
where Rout is the outer radius of the object.
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In the theory of neutron stars, function (c2/G)u =

(c2/G)u(r) started to be identified with the mass in-
side the sphere of radius r, m(r). This representation

means, in fact, that the relation

u(r) =
Gm(r)

c2
(7)

between the auxiliary quantity u(r) and mass m(r) in-
side the sphere of radius r was postulated. With the

respect to definition (6) of function u, function eλ must

be larger than unity and, consequently, the size of grr-

component of metric tensor must satisfy the inequality
|grr| > 1 constraining the GR, since the values of |grr|

ranging from 0 to 1 are forbidden. (We consider the

absolute value of grr to give the universal inequality for

both −−−+ and + ++− signatures of metrics (1)).

The search for the Ni’s solution assumes the consid-
eration of the original Einsteinian, i.e. pure geometrical

GR, in which quantity u is simply regarded as an alter-

native form of the grr-component of metric tensor. The

proportionality (7) is not assumed or postulated, there-
fore, there is no constraint on u sourcing from obvious

demand that m ≥ 0 and, hence, there is no reason why

the values of |grr| should not be considered also from

the interval from 0 to 1. It can acquire whatever real

value.
The common mass in the GR is the quantity calcu-

lated as the energy, W , divided by the quadrate of the

speed of light, c2, according to the well-known Einstein

formula W = mc2. If one identifies the metric quantity
u to mass m according to (7), he or she establishes,

in fact, the ”second” mass within the GR. Historically,

the researchers have attempted to avoid this concept of

two masses by identifying each with other. The demand

on the identity however put a severe constraint on the
GR. (The identification is other form of the postuilate

mentioned above.)

The representation of c2u/G as the mass inside the

radius r is problematic because of the following rea-
son. In the Ni’s solution, the energy density is posi-

tive wherever in the object and, therefore, the energy

must be positive also in the space where quantity u is

negative. Since this energy is related as mc2 to the

corresponding mass, m, according to the well-known,
above-mentioned Einstein’s formula, mass m > 0. If we

insisted on the identity of c2u/G and m, the GR would

be an internally inconsistent theory, because a quan-

tity cannot be negative according to some arguments
and, at the same time, positive according to another

argumentation. From the point of view of mathemat-

ics, a negative energy density/energy/mass can occur

in an abstract, mathematical solution of the EFEs in

the whole object. Such a solution is not applicable in

reality, but the theory alone remains intrinsically con-
sistent. This is not, however, the case of the negative u
and its identification to the positive m.

Another difference in the assumptions when one
searches for the O-V solution in contrast to a search
for the Ni’s solution is the postulate saying that the
metrics inside the SS material shell is the Minkowski
metrics, which implies zero net gravity in this region.
In consequence, the net gravity in the interior of ev-
ery SS object occupying a full sphere must be oriented
inward (there is no outward oriented component) and
the object must extent down to its center, where the
maximum pressure and energy density are expected.

According to our analysis, the postulate of the flat,
Minkowski metrics inside the SS shell faces the prob-
lem of the discontinuity of metrics in the inner radius
of the shell. In principle, we can consider (i) an in-
finitesimally thin or (ii) a thick shell. In the first case
(Fig. 1), the Minkowski metrics is taylored to the outer
Schwarzschild (1916) metrics. It is clear that the tay-
lored grr as well as gtt functions can never be the math-
ematically continuous in the radius of the sphere. In
the case of the thick sphere, the metrics in its inte-
rior should be described in the consistency with the
GR. Only such known description is that given by the
Ni’s solution. If the corresponding metrics is taylored
with the Minkowski metrics in the shell’s inner radius
(Fig. 2), it must necessarily be mathematically discon-
tinous, too. Even if one considers a shell constituted
by, e.g., a solid material yielding other than the Ni’s
metrics, the Minkowski metrics cannot be successfuly
taylored to the metrics shaped by this material (except,
perhaps, some special, in purpose constructed, density
distribution).

If we ignore the postulate of Minkowski metrics and
let the GR to work in its full natural extent, then it
appears that the metrics in the cavity of the SS shell
is described, in agreement with the Birkhoff theorem
(Birkhoff and Langer 1923), by the non-degenerated
outer Schwarzschild metrics. This metrics can be
smoothly taylored to that in the shell’s interior (Fig. 3).
At this approach, it is also necessary to ignore the first
above-mentioned postulate, because the quantity u is a
negative constant in the inner part of the shell and in
the cavity inside. In this region, the net gravitational
attraction is therefore oriented outward.

Term ”outward oriented gravitational attraction”
may seem to sound controversial. However, we em-
phasize that we use this phenomenon in its common,
verbal sense. For example, an object situated between
the Earth and Moon, but in the region of the gravita-
tional domination of the latter, is accelerated outward

from the Earth by the dominant gravitational attrac-
tion of the Moon. In the cavity of the shell, the plane
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Fig. 1 The behavior of grr (plot a) and gtt (b) component
of metric tensor in the region of a SS, infinitesimally thin
material shell, when the metrics in the internal cavity of the
shell is postulated to be the Minkowski metrics. The figure
demonstrates the discontinuity of the metrics in the radius
of the shell.
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Fig. 2 The behavior of grr (plot a) and gtt (b) component
of metric tensor in the region of a SS, thick material shell,
when the metrics in the internal cavity of the shell is postu-
lated to be the Minkowski metrics. The figure demonstrates
the discontinuity of the metrics in the inner radius of the
shell. The EoS for the pure degenerated neutron gas is used
to construct the shell.
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Fig. 3 The behavior of grr (plot a) and gtt (b) compo-
nent of metric tensor in the region of a SS, thick material
shell, when the metrics in the internal cavity of the shell is
described by the non-degenerated outer Schwarzschild met-
rics naturally taylored to the Ni’s metrics inside the shell.
The figure demonstrates the continuity of the metrics in
the whole shown region. The EoS for the pure degenerated
neutron gas is used to construct the shell.



5

perpendicular to the radius vector of a test particle di-
vides the shell into two parts. The net gravity of one
part is oriented inward and that of the other part is
oriented outward from the point of view of an observer
in the shell’s center. If the size of the net gravity of the
second part of the shell is larger, the particle is acceler-
ated, by the dominant net gravitational attraction, in
outward direction.

The postulate of the Minkowski metrics was, likely,
established due to our past experience with the models
of SS objects, as stars or planets, within the Newtonian

physics. These objects are the full material spheres and
it can be hard to imagine a stable celestial object, which
has not only the outer, but the inner physical surface
as well. In addition, there is singularity in the cen-
ter of the Ni’s object. According to old concept of the
gravity behavior in the interior of SS object, this grav-
ity was expected to be attractive in the whole interior.
Consequently, the singularity was expected to be also
attractive and, therefore, to be the naked singularity,
which is forbidden by cosmic censorship theorem (Pen-
rose 1969). In this type of singularity, a matter would
be forced to collapse into an infinitely small volume and,
thus, to increase its density over all limits.

However, the Ni’s solution, which ignores the pos-
tulate of the Minowski metrics inside the SS shell, im-

plies that the agent acting on any particle inside the
internal cavity is the circumambient matter of the shell,
which attracts the particle away from the center. Con-
sequently, the central singularity is the singularity of
Big-Bang type, which is not in any conflict with the
cosmic censorship. The exact center of the Ni’s object
is a ”forbidden” empty point. No material particle can
enter this point.1 Due to the properties of compact hol-
low sphere described by the Ni’s solution, there is no
reason for the postulate sweeping the net gravity in the
whole internal cavity out.

1The conclusion about the ”forbidden point” in the center of hol-
low sphere may not be true. Unfortunately, its proof or disproof
is difficult because the GR is non-linear theory. As mentioned,
the metrics in the internal cavity of hollow sphere is shaped by
the circumambient matter. If there is a particle in the cavity,
the metrics is also influenced by it. For a particle of small mass
in a relatively large distance from the center, the shaping by the
circumambient matter is dominant. If the particle is moved to be
closer to the center, its influence on the metrics in the center in-
creases, but that of the circumambient matter remains the same
as before. It is possible that there exists a critical, ultra-short
distance of the particle from the central point, within which its
gravity dominates over the gravity of the circumambient matter.
If this appeared to be true, the metrics of the center would be
outer-Schwarzchild non-singular metrics with respect to the par-
ticle. The singularity would simply disappear after the particle
would cross the critical distance. It would be only an abstract
singularity existing exclusively in the matematical description of
the metrics of cavity without any particle.

3 Equations describing the stable relativistic

radiation fluid

In the rest of this paper, we consider the pure geomer-

ical GR, which is not constrained by the two above-

mentioned postulates. Hence, we assume that, except
of |gtt| > 0, also |grr| > 0, i.e. the values of |grr| in the

interval from 0 to 1 are allowed as well.

Let us now to deal with the structure of a hypothet-

ical object filled in, exclusively, with a radiation. In

other words, we are going to deal with a RRS. It means
that the energy density, E, and pressure, P , are related

by the EoS:

E = 3P. (8)

We note that this equation does not necessarily de-
scribe only a radiation (a fluid consisting of photons).

It can also be used to describe a gas, as Bose-Einstein

as Fermi-Dirac, constituted by the particles with the

energy many orders of magnitude exceeding their rest

energy.
Using EoS (8) and with the help of auxiliary function

u defined by (6), Eqs.(2)−(4) and (5), three of which

are independent, can be given in the form

dν

dr
=

1

r − 2u

(

κPr2 +
2u

r

)

, (9)

du

dr
=

1

2
κEr2 =

3

2
κPr2, (10)

dP

dr
= −2P

dν

dr
. (11)

Tolman and Ehrenfest (1930) integrated the last equa-
tion to give the pressure, P , as the function of gtt com-

ponent of metric tensor. Specifically,

P = Pog
−2

tt = Poe
−2ν , (12)

where Po is an integration constant.

Eqs.(9)−(11) can be numerically integrated to ob-
tain the behaviors of the functions ν = ν(r), u = u(r),

and P = P (r) or E = E(r). In the Ni’s solution, zero

gravitational acceleration implied by dν/dr = 0 occurs

in a finite object-centric distance ro. In r = ro the pres-
sure and energy density reach their maxima. Distance

ro is appropriate to start the numerical integration. Us-

ing Eq.(9), we can find that the value of u in ro is

uo = −
1

2
κPmaxr

3

o . (13)

The maximum pressure, Pmax, is an assumed input pa-
rameter.
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Starting the numerical integration of Eqs.(9)−(11),
we empirically found that an arbitrary combination of
input parameter ro and Pmax is not allowed. We see
that the derivative dν/dr given by relation (9) diverges
for r → 2u. Hence, there must be valid r 6= 2u in the
whole interval of r, from zero to infinity. In addition, it
is necessary to demand the gravity to be the attractive
force everywhere. Since the gravitational acceleration
is proportional to dν/dr and gravity has the attractive
character if dν/dr given by relation (9) is positive, we
demand dν/dr > 0.

We found that the last condition is satisfied, when
lnPmax ≤ −2 ln ro + 112.548159. Or, when the ratio
2uo/ro (see relation (13)) is constrained by the inequal-
ity

2uo

ro
= κPmaxr

2

o ≤ exp(14.267560) = 1 571 529. (14)

It means that the compactness of the RRS cannot be
arbitrarily high.

4 The dimensionless form of field equations

In our recent paper (Neslušan 2015), we advocated the
GR to be, in accord to the Einstein’s original intent,
the pure geometrical theory. The pure geometrical GR
was also assumed in the beginning of Sect. 3 of current
paper. It means, the EFEs should contain only the
dimensionless constants and quantities of length. In
addition, it can also contain the derivatives of the lat-
ter in respect to length. Actually, we showed that the
EFEs containing the Chandrasekhar’s EoS for the neu-
tron cores can be re-written to such the form (Neslušan
2015). In the pure geometrical GR, the EFEs with ev-
ery reasonable EoS should, however, be possible to exist
in the dimensionless form. In course toward this aim,
we find the dimensionless analogues of Eqs.(9)−(11),
below.

It is well-known that the energy density of the radia-
tion fluid can be given with the help of the temperature,
T , of the fluid as

E = aT 4, (15)

where a is the radiation constant. In the first step, we
replace the temperature with the mean frequency, fm,
of the photons, constituting the fluid, according to the
relation saying that the energy of photon, Wγ , is related
to its frequency, f , as Wγ = hf , where h is the Planck
constant.

The mean frequency of photons in an infinitesimally
small volume in object-centric distance r can be deter-
mined in the following way. According to the quan-
tum statistics, the distribution of the impulse, p, of

Bose-Einstein (BE) particles with zero or negligible rest

energy, i.e. also photons, is proportional to function
p2{exp[(cp− µ)/(kT )]− 1}−1. In the last relation, k is

the Boltzmann constant and µ is the chemical poten-

tial. Knowing the p-distribution, the number density of

BE particles is given by integral

nBE =
1

π2~3

∫ ∞

0

p2

exp
(

cp−µ
kT

)

− 1
dp =

=
2

π2~3c3
(kT )3

∞
∑

j=1

1

j3
exp

(

j
µ

kT

)

(16)

and energy density by

EBE =
c

π2~3

∫ ∞

0

p3

exp
(

cp−µ
kT

)

− 1
dp =

=
6

π2~3c3
(kT )4

∞
∑

j=1

1

j4
exp

(

j
µ

kT

)

, (17)

where ~ = h/(2π).

Photons or particles with non-zero mass but the en-

ergy much exceeding their rest energy cannot create

any bound structures, therefore it is reasonable to as-
sume that the chemical potential µ = 0. Then, we can

simplify the result of integrations (16) and (17) to

nBE =
2β3

π2~3c3
(kT )3, (18)

EBE =
6β4

π2~3c3
(kT )4, (19)

where we denoted β3 =
∑∞

j=1
j−3 = 1.202056898 and

β4 =
∑∞

j=1
j−4 = π4/90 = 1.082323234. Having nBE

and EBE for photons, the energy per one photon, i.e.

the mean energy of photons, in the considered volume

is

Wγ,m =
EBE

nBE

=
3β4

β3

kT. (20)

(We can derive an analogous relation for the energy

of Fermi-Dirac very energetic particle. In the latter,
constants β3 and β4 would be replaced with other con-

stants.)

Now, the mean frequency of photon, fm, in the

considered volume can be determined from equality
hfm = (3β4/β3)kT as

fm =
3β4

β3h
kT. (21)

Further, we can use the relation fm = c/Lm be-

tween the frequency fm and corresponding wavelength
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Lm and define the ”mean wavelength” of photons as

Lm =
β3hc

3β4kT
. (22)

If relation (22) is used to calculate kT , which equals
kT = β3hc/(3β4Lm), energy density EBE given by re-

lation (19) can be re-written as

EBE =
16π

27

β4

3

β3

4

hc

L4
m

. (23)

If we now use the last relation, EoS (8), and explicit

expression κ = 8πG/c4 for the Einstein gravitational
constant, Eqs.(9)−(11) can be given in form

dν

dr
=

1

r(1 − 2u/r)

(

8πG

c4
1

3

16π

27

β4

3

β3
4

hc

L4
m

r2 +
2u

r

)

, (24)

du

dr
=

1

2

8πG

c4
16π

27

β4

3

β3

4

hc

L4
m

r2, (25)

1

3

d

dr

(

16π

27

β4
3

β3

4

hc

L4
m

)

= −
2

3

16π

27

β4
3

β3

4

hc

L4
m

dν

dr
. (26)

And, finally, if we use the Planck length, defined by

LP =
√

G~/c3, from which form Gh/c3 = 2πL2

P , the
last set of equations can be re-written to the dimen-

sionless form

d(LP ν)

dr
=

LP

r

1

1− 2u/r

[

256π3

81

β4

3

β3

4

.

.

(

LP

Lm

)4 (

r

LP

)2

+
2u

r

]

, (27)

du

dr
=

128π3

27

β4
3

β3

4

(

LP

Lm

)4 (

r

LP

)2

, (28)

dLm

dr
=

1

2

Lm

LP

d(LP ν)

dr
. (29)

We can see that each of these equations is not only di-
mensionless as a whole, but it contains only the dimen-

sionless (mathematical) constants and functions, and

quantities in the dimension of length, which are accept-

able from the point of view of geometrical GR.

5 Examples of stable RRS and its basical

properties

Usage of the dimensionless Eqs.(27)−(29) is not com-

mon, yet. To construct a model of a stable GR

radiation sphere, we rather still use Eqs.(9)−(11).

(Or, Eqs.(9)−(11) can regarded as the dimensionless

Eqs.(27)−(29) modified by the usage of appropriate

substitutions.) In this section we present two models of
the RRS in course to point out its basical properties.

The first model is constructed starting the numer-

ical integration with the values of input parameters:

ro = 1.0 × 1010 m (0.0668AU), Pmax = 5.0 × 1025Pa,
and νo = −10. The functions E(r), grr(r), u(r), and

gtt(r) being the result of the numerical integration are

shown in Fig. 4. From the maximum in distance ro,

the energy density, E, decreases as outwards as inwards

(Fig. 4a), in accord with an expectation. In contrast to
the relativistic compact neutron object with the inner

physical surface (where E = 0) in a finite object-centric

distance (e.g. Neslušan 2015), the inward decrease of

E approaches E → 0 in the limit r → 0 in the RRS.
In the center of the cavity of Ni’s neutron object,

the outer Schwarzschild metrics implies the Big-Bang

type singularity. Similarly, such the singularity is in-

dicated, by the numerical integration as well as by the

divergence of dν/dr given by Eq.(9), also in the case of
RRS.

In the behavior of E outward from ro, there is a

remarkable huge decrease, about two orders of magni-

tude, of this quantity in the distance rb, which we refer,
hereinafter, as the border of the densest part of RRS.

We define the central condensation as the radiation

in the sphere within radius rb. This sphere contains

the essential amount of energy of the central part of

the RRS. The auxiliary quantity u is almost constant
in the distance r > rb (but not in r ≫ rb, see discus-

sion below) as seen in Fig. 4d. We denote this quasi-

constant value by ub. At the same time, gtt-component

of metric tensor can be well approximated by the corre-
sponding function in the outer Schwarzschild metrics:

Kν(1 − 2ub/r) (Kν is a dimensionless integration con-

stant). These two behaviors imply that an object sit-

uated in the adjacent region above rb will move in a

trajectory, which is very similar to a Keplerian orbit
in the gravitational field of central object having mass

M = c2Kνub/G. In our example, this quantity equals

4.0× 106M⊙ (Kν = 0.830 and ub = 7.162× 109m).

Quantity ub multiplied by constant c2/G, i.e. c2ub/G,
is in the unit of mass and it is regarded as the mass

inside the sphere of radius r in the astrophysics based

on the O-V solution of the EFEs. In the astrophysics

based on the Ni’s solution, it is not identified to the

mass, i.e. energy divided by c2 according to the well-
known Einstein formula between energy and mass. It is

simply a quantity determining the gravitational effects

of the material object.

The energy (integral of energy density through a
given volume) contained in the central condensation,

within the sphere of radius rb, is W = 1.087 × 1057 J.
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Fig. 4 The behavior of the energy density, E(r) (plot a),
components grr(r) (b) and gtt(r) (c) of metric tensor, and
the auxiliary metric quantity u (d) in an example of SS
RRS (see Sect. 5). The dashed red vertical abscissa indi-
cates the outer border, rb, of the energetically densest part
of the sphere. Yellow thin curve in plot (d), which is in-
side the thick blue curve in an interval is the fit of outer-
Schwearzschild-metrics function Knu(1− 2ub/r) to the grr-
behavior implied by the numerical integration.

(It corresponds to the mass, formally calculated as

W/c2, equal to 6.078 × 109 M⊙.) If this energy was
emitted from the central condensation with the con-

stant luminosity of, e.g., quasar 3C 273, which is cur-

rently ∼3.0 × 1040 J s−1 (Courvoisier and Camenzind

1989; Bednarek and Calvani 1991), it would be spent
within less than 1/10 of age of the universe (the age

is 13.799Gyr; Bennett et al. 2012). A real counterpart

of the RRS in our first example could not, most likely,

remain very bright during a period comparable to the

age of the universe.
In the extremely dense internal region of the sphere,

the photons obviously collide. At the same time

they are permanently deflected from a motion along a

straight line due to the strongly curved space-time. In
a large distance from the dense central part, the space-

time can however be expected to approach a flat behav-

ior. The radiation obviously spreads in the same way

as in a vicinity of a non-relativistic SS star emitting the

radiation energy with an isotropic and constant lumi-
nosity. Consequently, the energy density and pressure

become proportional to r−2. This fact in combination

with Eq.(10) imply the linear dependence of u on radial

distance r. However, in the case of the RRS, there must
be the same flux of energy inward which balances the

flux outward, since object is stable.

Actually, in the distances of the scale of several mil-

lions of astronomical units, it is possible to fit the be-

havior of E with function E = Eo/r
2 and that of u

with the function u = Ar + B, where Eo, A, and B

are constants. Taking into account the EoS E = 3P

and supplying all three relations to Eqs.(10), we ob-

tain the limiting solutions for Eo: Eo = 2A/κ. If
we further supply all above-mentioned relations into

Eq.(11), we can find that dν/dr = 1/r and integrat-

ing the latter we obtain ν = ln(r/Rν) in the region

of r ≫ rb. Rν is an integration constant. The re-

lation for ν implies gtt = eν = r/Rν for r ≫ rb.
If we now use Eq.(9) and neglect constant B, which

must be small in comparison with Ar for large r, we

derive that A = 3/14 = 0.214286. Subsequently,

Eo = 3/(7κ) = 2.064168× 1042 Jm−1. Using Eq.(12),
we can find that the constants Po, Eo, and Rν are re-

lated as Po = Eo/(3R
2

ν).

The fits of functions E(r), gtt(r), and u(r) in the

region r ≫ rb with the analytically derived relations

are illustrated in Fig. 5. One can see that the result
of numerical integration is practically the same as the

derived analytical functions. In our specific example,

free constants B = −1.114 × 1011m∼ 0.745AU and

Rν = 2.584× 1012m∼ 17.3AU.
In the scale of millions of astronomical units Ar ≫ B

and constant B can be neglected as already mentioned.
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Fig. 5 The behavior of the energy density, E(r) (plot a),
gtt(r) (b), and u (d) in the example of SS RRS (see Sect. 5
and Fig. 4) in the distance scale of several millions of as-
tronomical units. The behavior of these quantities obtained
from the numerical integration is shown with the solid blue
curve. The fit by the appropriate analytical function, which
is specified in Sect. 5, is shown with the thin yellow curve.
The fits are practically perfect, therefore the thin curves
completely lay inside their solid counterparts.

Quantity c2u/G = c2Ar/G, i.e. it is linearly propor-

tional to radial distance in the region r ≫ rb. If some
objects orbited the RRS in these large distances, their

dynamics would have to be different from that in the

outer Schwarzschild metrics and its Newtonian approx-

imation.
In our work, we try answer the question if the RRSs

can be or cannot be regarded as the (preliminary) mod-

els of real objects. If the answer turns to be positive,

then there occurs another question: on their origin. We

can speculate that the RRSs could likely originate from
the radiation fluid constituting the universe during the

cosmological era of radiation. And, if at least some of

them have persisted unchanged until the present, they

belong to the most luminous objects known in the uni-
verse. Such the objects are the quasars. In concern

of the potential relationship between the RRSs and

quasars, we have to deal with the question if a RRS

is able to emit a radiation of quasar luminosity during

the period from the cosmological radiation era till the
present, i.e. during almost whole age of the universe.

We try to answer this question with the help of our

second example of RRS and, again, with the nearest

and brightest known quasar 3C 273. The theoreti-
cal RRS in the second example is constructed by con-

sidering the zero-gravity distance ro = 4.4 × 1011 m

(2.94AU), Pmax = 3.0× 1023Pa, and νo = −12. These

values were adjusted to achieve the size of quantity

c2Kνub/G (determining the gravitational acceleration)
immediately above rb to equal the known ”gravita-

tional mass”, of the reference quasar 3C 273, which

is 2.8× 108M⊙ (Pian et al. 2005). It appears that the

behaviors of E, grr, gtt, and u are qualitatively similar
to the corresponding functions shown in Fig. 4 for the

first example. The sharp fall of the energy density also

occurs in the second example. This time, it is about

five orders of magnitude and rb = 4.215AU.

The temperature (calculated according to the rela-
tion (15)) reaches its maximum equal to ∼5.9×109K in

ro and still is ∼1.7×107K in r = 10AU. Such a hot sur-

face most probably emits an intensive, high-energetic

radiation.
The total energy, W , in the central condensation in

our second example is W = 5.55 × 1059 J. (The cor-

responding formally calculated mass W/c2 = 3.10 ×

1012M⊙.) If the reference quasar 3C 273 existed and

emitted its radiation with its current luminosity con-
stantly during the whole age of the universe, then the

total emitted energy would be 1.30 × 1058 J. It is only

2.3% of the energy contained in the central condensa-

tion of the second RRS introduced above. Our last
question can be answered positively.
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6 Discussion and conclusion remarks

The unconstrained GR also enables to theoretically

construct the stable very massive objects. They can be

constituted by the particles with the energy deposited

in their motion, not to their rest mass. Some features
of these objects seem to be observed at the real objects

in the universe. The high energy concentrated in the

central condensation of the object implies an extremely

large temperature inside and the latter further implies

the high luminosity like that observed at quasars.
Remarkably, the whole extent of the object is pre-

dicted to be many orders of magnitude larger that its

central condensation. Let us establish the name of

this extensive part as ”corona of the RRS” or, briefly,
”corona” (it resembles the thin and relative extensive

solar corona). The energy of the corona curves the

space-time to yield the dynamics of objects, e.g. stars,

inside the corona, which is essentially different from

the dynamics ruled by the Newton gravitational law
and described by the common, non-relativistic celestial

mechanics.

In the models of RRSs introduced in this article, in

which zero value of the cosmological constant Λ was
assumed, the corona extends to infinity and, hence, its

total energy diverges. We believe (after few successful

preliminary test calculations) that the problem of this

divergence can be removed considering a non-zero Λ.

And/or the problem can obviously be solved by finding
a concerning dynamical solution of the EFEs, which is

more relevant to describe an extremely large object in

the non-static, expanding universe. The stable RRS

can do this only in an approximative way for a limited
distance scale.

The important intrinsic property of the RRS, which

is the direct consequence of the Ni’s solution of the

EFEs, is the break of the identity between the energy

of object, W , divided by the quadrate of the speed of
light, W/c2, and metric quantity u multiplied by con-

stant c2/G, i.e. quantity c2u/G. We note, both W/c2

and c2u/G are in the unit of mass. In the traditional

(current) relativistic astrophysics, both these quantities
are actually identified to the mass within the sphere of

a just considered radius. Realizing the consequence of

this identification, we can deduce that the gravitational

acceleration is, in fact, postulated to be the exclusively

linear function of W/c2.
Since the Ni’s approach to the GR does not demand

the identity of W/c2 and c2u/G, the gravitational ac-

celeration is allowed to be whatever, not only linear,

function of W/c2. In the large RRSs, there is typically
valid W/c2 ≫ c2u/G and relatively large energy, in

comparison to the relatively low ”gravitational mass”,

can explain a huge storage of energy in the most lu-

minous quasars, which is sufficient to keep their hight
brightness from a short time after the Big Bang until

the present day.

Inequality W/c2 6= c2u/G is enabled by the fact that

the GR relates the energy density and quantity u with
the differential (not integral) Eq.(10). Consequently,

the calculation of energy, W , and quantity u is not the

same, in general. Energy W (r) within radius r is the

integral of energy density, E, through the spherical vol-

ume of radius from 0 (or a distance Rin when E = 0
from 0 to Rin) to r. Function u(r) is, however, the inte-

gral from a starting distance, e.g., ro where the value of

u is uo, to the distance r. This integral is equal to that

for W (r) and, then, the postulate (7) is valid, only if we
put uo = 0. This is possible only in the distance r = 0.

Unless postulated, there is however no reason for the

choice of zero starting distance for the integration and

zero uo-value. (We cannot start the numerical integra-

tion of Eqs.(9) and (11) either in the true center, i.e. in
r = 0, since these equations contain the fraction of type

0/0 for uo = 0 and r = 0. The models of neutron stars

used to be integrated from an integration step, ∆r, in-

stead of true zero. Although the resultant models are
regarded as the full spheres, they can be, exactly, the

hollow spheres with an extremely small internal cavity.

Namely, it is possible to find such the values of Rin and

ro for whatever short integration step ∆r that it is valid

0 < ro < Rin < ∆r for the limited-mass objects.)
The real counterparts of RRSs, if exist, likely began

their existence not very long time after the Big Bang,

in the cosmological radiation era. We can suppose that

the radiation fluid tore into individual voids, which be-
came quasi-spherical due to the self-gravity.

Our toy models of the object in the form of the RRS

suffers, of course, from some imperfections. A less mas-

sive, RRS-resembling, real object obviously has lost an

essential amount of its energy during the age of its
existence. During the decrease of the energy density

and, thus, temperature, we can expect an occurrence

of various processes inside it, like a change of photons

to particle-antiparticle pairs or thermonuclear burning
of hydrogen nuclei, which could occur as a result of pre-

vious process. The thermonuclear burning could later

produce the atomic nuclei of heavier chemical elements.

To predict the properties of the observable photosphere

of the central condensation, it will be necessary to work
out its models for various values of c2u/G in the region

immediately beyond the border of the object’s densest

part. In addition, the real objects are expected to be

spinning fast. A quantitative good agreement between
the modeled and real objects can likely be achieved us-

ing the EFEs for the axial symmetry.
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It is out of scope of this article to analyse and de-

scribe all relevant processes in the extreme environ-
ment of a hot RRS or in a corresponding object already

cooled down. A lot of new study of the objects of this

kind is desirable.
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(grant No. 2/0031/14).



12

References

Bednarek, W., Calvani, M.: Astron. Astrophys. 245, 41
(1991)

Bennett, C.L., Larson, D., Weiland, J.L., Jarosik, N., Hin-
shaw, G., Odegard, N., Smith, K.M., Hill, R.S., Gold,
B., Halpern, M., Komatsu, E., Nolta, M.R., Page, L.,
Spergel, D.N., Wollack, E., Dunkley, J., Kogut, A.,
Limon, M., Meyer, S.S., Tucker, G.S., Wright, E.L.: As-
trophys. J., Suppl. Ser. 208, art.id. 20 (2012)

Birkhoff, G.D., Langer, R.E.: Relativity and Modern
Physik, Harvard Univ. Press, Cambridge, Mass. (1923)

Chandrasekhar, S.: Mon. Not. R. Astron. Soc. 95, 207
(1935)

Courvoisier, T.J.-L., Camenzind, M.: Astron. Astrophys.
224, 10 (1989)

Eddington, A.S.: Relativitätstheorie in Mathematisher Be-
handlung (in German), Alexander Ostrowski and Harry
Schmidt, Göttingen and Cöthen (1922)
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