
THE (AMAZING) ARCHITECTURE OF
FINITE PROJECTIVE RING LINES∗

Institute of Discrete Mathematics and Geometry
Vienna University of Technology, Vienna (Austria)

March 12, 2008

METOD SANIGA

Astronomical Institute of the Slovak Academy of Sciences
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INTRODUCTION

Projective ring lines turned out to be a very important concept in unveil-
ing the intricate geometrical nature of the structure of finite-dimensional
Hilbert spaces [11–13].

It was our working on these intriguing physical applications when we dis-
covered novel, and rather unexpected, properties of the fine structure of the
projective lines not so far discussed by either physicists or mathematicians.

Hence, as the general theory does not exist yet, the purpose of the talk is
simply to outline, in a rather illustrative way, the main findings and briefly
address their possible applications.
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BASIC DEFINITIONS AND NOTATION [1,2]

R: a finite associative ring with unity (1); we shall specifically refer to
a ring as being of X/Y type, where X is the cardinality of R and Y the
number of its zero-divisors.

R(a, b): a (left) cyclic submodule of R2,
R(a, b) =

{
(αa, αb)|(a, b) ∈ R2, α ∈ R

}
;

a cyclic submodule R(a, b) is called free if the mapping α 7→ (αa, αb) is
injective, i. e., if all (αa, αb) are distinct.

Admissibility: a pair/vector (a, b) ∈ R2 is called admissible, if it is the
first row of an invertible 2× 2 matrix over R

Unimodularity: a pair/vector (a, b) ∈ R2 is called unimodular, if there
exist x, y ∈ R such that ax+ by = 1

For the rings under consideration, admissibility and unimodularity mean
the same
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PROJECTIVE RING LINE [3–10]

P (R), the projective line over R,
P (R) =

{
R(a, b) ⊂ R2|(a, b) admissible

}

Crucial property: if (a, b) is admissible, then R(a, b) is free; there, how-
ever, are also rings in which there exist free cyclic submodules containing
no admissible pairs!

Distant/Neighbour relation: Two distinct points A =: R(a, b) and B =:
R(c, d) of P (R) are called distant if the 2× 2 matrix with the first row a, b

and the second row c, d is invertible; otherwise, they are called neighbor.

It can easily be shown that any two distant points of P (R) have only
the pair (0, 0) in common. As this pair lies on any cyclic submodule, the
distant/neighbour condition can be rephrased as follows:

Theorem 1: Two distinct points A =: R(a, b) and B =: R(c, d) of P (R)
are distant if |R(a, b) ∩R(c, d)| = 1 and neighbor if |R(a, b) ∩R(c, d)| > 1.
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VISUALISING THE STRUCTURE OF PRL IN TERMS OF FCS’S

The structure of P (R) can be visualized in terms of a “tree” comprising
all the FCSs generated by admissible pairs. Any such tree consists of the
“corolla” (α being units of R) and the “trunk” (α being zero-divisors of
R) and in the figures that follow it is illustrated in the following way:
↪→ a pair/vector of R2 is represented by a circle whose size is proportional
to the number of FCSs containing this pair and
↪→ the fact that two different pairs/vectors lie on a FCS is indicated
by a line segment joining the corresponding circles.

The finest traits of the structure of the line pertain uniquely to the trunk
— this fact is already fairly obvious from the examples of projective lines
defined over (all) unital rings of order four (Figure 1)

GF(2)[x]/<x +x+1>

GF(4)

2
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GF(2) GF(2)

@

x

GF(2)[x]/<x > or Z(4)
2

Figure 1: The forms of the trees representing the projective lines defined over rings with unity of order
four; we see that (left-to-right) as the number of zero-divisors (and maximal ideals) of the ring increases,
the trunk becomes more pronounced and intricate.
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REFINEMENT OF THE NEIGHBOR RELATION

From Theorem 1 it follows that one can refine the neighbor relation
by introducing the degree of the “neighborness” between any two neighbor
points in terms of the number of shared pairs/vectors by their representing
FCSs. This is illustrated in Figure 2 on an example of the projective line
defined over Z12

∼= Z3 × Z4.

Figure 2:
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EXISTENCE OF “OUTLIERS”

Outlier: a pair/vector of R2 not belonging to any FCS generated by an
admissible pair/vector.

Smallest order where they occur are some rings of 8/4 type (Figure 3,
right) and the non-commutative 8/6 ring (Figure 4, right); many more are
found in the case of commutative 16/8 rings (Figure 5, bottom and top
right). Also all non-commutative rings of type 16/8 and 16/12 feature out-
liers, as well as the non-commutative ring of type 16/14; interestingly, the
line over the full two-by-two matrix ring with Z2-valued coefficients has no
outliers.

Figure 3: A generic shape of the trees representing projective lines defined over local rings of 8/4 type: left

– lines featuring no outliers (three distinct kinds of non-isomorphic rings, including Z8 and Z2[x]/〈x
3〉),

right – lines featuring six outliers (two kinds of non-isomorphic rings).
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Figure 4: The trees of the projective lines defined over the rings of 8/6 type: left – the commutative ring
Z2×Z4 (line features no outliers), right – the non-commutative ring of ternions (i. e., ring of upper/lower
triangular matrices over Z2 – six outliers).
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3024

0 42

Figure 5: Four qualitatively different kinds of a tree (shown trunks only) of the projective lines over
local commutative rings of 16/8 type: top left – no outliers (four distinct kinds of non-isomorphic rings,
including Z16 and Z2[x]/〈x

4〉), bottom left – 24 outliers (5 rings; this is also the tree exhibited by projective
lines defined over all the four non-commutative rings of the same type), bottom right – 30 outliers (4 rings)
and top right – 42 outliers (2 rings).
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OUTLIERS GENERATING FCS’S

The smallest order where they appear is 8/6 non-commutative (Figure 6).

They are also found in all but one non-commutative rings of type 16/12
and in the non-commutative ring of type 16/14.

No commutative example has been found among the rings so-far-analyzed.

00

066660

011110

677176

077770

050355535650

656335333630

620212721513325224222523513127212620

640474147573345442444543573741474640

611716

Figure 6: The projective line over the ring of ternions: the tree generated by outliers (ellipses) is su-
perimposed over that generated by the admissible pairs – the four pairs/vectors within a big ellipse are
common for all the three FCSs generated by outliers.
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GEOMETRY BEHIND OUTLIERS’ GENERATED FCS’S

In each (non-commutative) example listed below, all outliers’ generated
FCSs share apart from the pair (0, 0) also several other pairs. In the 27/15
case the number of such additional pairs is eight, whereas in all the re-
maining cases it is three (cf. Figure 6 for the 8/6 case). This suggests to
consider the “condensed” lines grouping nine (the former case) resp. four
(the latter cases) different pairs on any outlier’s generated FCS into a sin-
gle entity and looking what the resulting “condensed” trees look like:

8/6 6/6 Z2

16/12a 30/24 Z4 or Z2[x]/〈x
2〉

16/12b 42/36 ???
16/14 24/18 Z2 × Z2

24/20 54/48 Z6 ' Z2 × Z3

27/15 48/48 Z3

Here the first column gives the line type, the second column features the
number of its outliers (total vs generating FCSs) and the last column lists
the type of “condensed” line.
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FINEST DIFFERENCE BETWEEN PRL’S OVER NON-LOCAL
COMMUTATIVE RINGS

Z4 × Z4 versus Z2 × Z8:

They are both non-local of the same (16/12) type and they both feature
no outliers; having identical corollas and all “macroscopic” characteris-
tics (total number of points, cardinality of neighborhoods, intersections
of neighborhoods of two distant points, number of Jacobson points and
maximum number of pairwise distant points), they differ profoundly in the
“microscopic” structure of their trunks (Figure 7).

Figure 7: The tree of the projective line defined over Z4 ×Z4 (left) and that defined over Z2 ×Z8 (right).
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POSSIBLE PHYSICAL APPLICATIONS
There exists a bijection between the pairs/vectors (a, b) of the modular ring
Zd and the elements of the generalized Pauli group of the d-dimensional
Hilbert space generated by the standard shift (X) and clock (Z) operators,
ωcXaZb.

Under this correspondence, the operators of the group commuting with
a given operator form:
↪→ the set-theoretic union of the points of the projective line over Zd

which contain a given pair (Figure 8) if d is a product of distinct
primes [11], and

↪→ the span of the points for any other values of d [12].

0,0

0,33,33,0

2,02,22,40,2

4,04,44,20,4

2,31,31,04,11,11,42,11,51,20,13,13,2

4,35,35,02,55,55,24,55,15,40,53,53,4

Figure 8: The projective line over Z6 ' Z2 × Z3; shown is the set-theoretic union of the points of the
pair/vector (3, 3) (highlighted), which comprises all the pairs/vectors joined by heavy line segments.

As yet, there is no general theory for tensorial products of the above-
defined operators, but some interesting particular cases have already been
computer-analyzed [13].
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NEXT MOVE: GEOMETRIES OVER NEARRINGS?

A (left) nearring N(+, ·) meets all the axioms of a ring except that the
group N(+) is not necessarily commutative and only left distributive law
holds, i. e. x · (y + z) = x · y + x · z.

Fundamental difference with respect to rings [14]:
↪→ x · 0 = 0 for any x (x · 0 = x · (0 + 0) = x · 0 + x · 0⇒ x · 0 = 0)
↪→ whereas, in general, 0 · x 6= 0.

As a group, N is the semi-direct product of NZ and NC , i. e., NZ is a
normal subgroup of N , N = NZ +NC and NZ ∩NC = {0}, where
NZ ≡ {r ∈ N |0 · r = 0} is called the zero-symmetric part of N , and
NC ≡ {r ∈ N |0 · r = r}

= {r ∈ N |∀x ∈ N : x · r = r} is called the constant part of N .
N is called zero-symmetric if N = NZ .

Let N be a nearring with unity 1; then its group of units factorizes as
N ∗ = N ∗

Z (NC + 1) with N ∗
Z ∩ (NC + 1) = {1}.

Towards defining geometries over N :
Nl(a, b) = {(αa, αb)|α ∈ N} is not a submodule of N 2, for, in general,

(αa, αb) + (βa, βb) = (αa+ βa, αb+ βb) 6= ((α + β)a, (α + β)b)
Nr(a, b) = {(aα, bα)|α ∈ N} is also to be checked if it meets all the

requirements (I haven’t done it yet).
Yet, irrespectively of these tasks, I shall call both the sets free cyclic sets
(FCSs) if |Nl(a, b)| = |Nr(a, b)| = |N |.

Let’s us have a look at what such sets look like for a few simplest cases of
finite nearrings in order to get the feeling how beautiful geometries they
can generate.
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The non-zero-symmetric nearring of a particular type pn/pn−1 (p being a
prime and n a positive integer ≥ 2) such that all pn−1 non-units1 are the
constant elements of the nearring.

•Nl(a, b) (l.h.s. of the figures, trunks only):
↪→ their number is always equal to pn + pn−1 and for n = 2 they can be

regarded as the lines of the affine plane over GF (p), AG(n, p);
↪→ the trunk of the tree consists solely of p2(n−1) pairs of the constant

elements; for n = 2 these pairs can be viewed as the points of AG(n, p).

•Nr(a, b) (r.h.s. of the figures, full trees):
↪→ the trunk of the tree features only pn−1 “diagonal” pairs of constant

elements, i.e., pairs of type (c, c);
↪→ the number of FCSs equals the number of pairs in the corolla divided

by the number of units in the nearring, viz. (p2n − pn−1)/(pn − pn−1) =
(pn+1− 1)(p− 1) = pn + pn−1 + · · ·+ p+1, that is to the number of points
of the ordinary n-dimensional projective space over GF (p), PG(n, p); in
fact,“condensing” pn−1 pairs into a single pair in an obvious way we get
the tree of PG(n, p);
↪→ out of them, there are pn−2 + pn−3 + · · · + p + 1 such which consist

solely of “off-diagonal” pairs of constant elements (these are represented
by bullets in accompanying figures).

1I deliberately avoid using here the term “zero-divisor” because in the case of a non-
zero-symmetric nearring a unit can also be a (one-sided) zero-divisor.
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Figure 9: n = 2 and p = 2 (top), p = 3 (middle) and p = 5 (bottom)
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Figure 10: n = 3 and p = 2 (top) and p = 3 (bottom)
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Figure 11: n = 4 and p = 2
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Nl(a, b) — Full trees over some small non-zero-symmetric nearrings; notice
that each consists of four copies of the tree over the zero-symmetric part
of the nearring in question.

Figure 12: 8/4: NZ ' Z4

Figure 13: 8/6a: NZ ' Z2 × Z2
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Figure 14: 8/6b: NZ ' proper nearring of 4/3 type

Figure 15: 12/8: NZ ' Z6
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Last example — non-abelian, non-zero-symmetric nearring of 16/8 type;
note that the left tree features four copies of the projective line over Z8,
whilst the right tree (of which only trunk is shown) comprises two copies
of what seems not to be any line over (near)rings of order eight.

Figure 16: 16/8: non-abelian, NZ ' Z8
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[10] C Nöbauer, The Book of the Rings – Part II, 2000, available from
〈http://www.algebra.uni-linz.ac.at/˜noebsi/pub/ringsII.ps〉.

[11] H Havlicek and M Saniga, Projective ring line of a specific qudit, J
Phys A: Math Theor 2007;40:F943–F952

[12] H Havlicek and M Saniga, Projective ring line of an arbitrary single
qudit, J Phys A: Math Theor 2008;41:015302 (12pp).

[13] M Planat and A-C Baboin, Qudits of composite dimension, mutually
unbiased bases and projective ring geometry, J Phys A: Math Theor
2007;40:F1005–F1012.

[14] JDP Meldrum, Near-rings and their links with groups, Pitman Pub-
lishing Ltd., Boston, 1985

22


