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Why?

Lyman-α forest

Primordial black holes

MOND?
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Cosmological Framework

To convert from the co-moving to the physical system, the
scale factor a is introduced and provides a distance
transformation between the two systems, with coordinates in
the proper system r related to co-moving coordinates x by
r = ax .

The rate of change of the scale factor corresponds to the
expansion rate of the universe and follows the Friedmann
equation

H =
ȧ

a
= H0

√
ΩM

a3
+ΩΛ +

Ωk

a2
,

where

ȧ =
da

dt
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Algorithm implementation - Initialization

Load initial conditions for the particle positions and velocities.

Determine density by interpolating the particle masses onto
the grid using the CIC method.

WCIC(x) =
1

h

{
1− |x |

∆x , for |x | < ∆x

0, otherwise

Compute the gravitational potential Φ by solving the Poisson
equation using the particle density as the source.

Calculate the acceleration field g = −∇Φ at the centers of
the grid cells and interpolate the acceleration vector evaluated
at the particle positions gi = g(xi ).
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Solving the Poisson Equation

The gravitational potential Φ follows from the usual Poisson equa-
tion

∇2Φ =
4πG

a
(ρ− ρ, )

where G is the gravitational constant and ρ is the value of the total
density over the entire box. The most efficient method to solve
this equation on a uniform periodic grid is by the use of Fourier
transforms

Φ̂(k) = G (k)ρ̂(k),

where G (k) is the Green’s function

G (k) =
∆x2h

sin2 (kx∆xh) + sin2 (ky∆xh) + sin2 (kz∆xh)

where ∆xh = ∆x/2 and ∆x corresponds to the grid spacing.
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Computing the gravitational acceleration vector

Resulting potential Φ is then differenced to obtain the gravitational
acceleration vector g = −∇Φ. The derivatives along each direction
are obtained using a fourth-order centered four-point finite difference
approximation. In one dimension, the derivative is given by

∂Φi

∂x
=

1

12∆x
(Φi−2 − 8Φi−1 + 8Φi+1 − Φi+2)
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Algorithm implementation - Time Step Update

Compute the current time step ∆tn.

Advance the particle velocities by 1
2∆tn and use the updated

velocities v
n+1/2
i to advance the particle positions by ∆tn.

Calculate the density ρn+1 using the CIC method.

Compute the gravitational potential Φn+1 by solving Poisson
equation with particle density as the source.

Compute the acceleration field gn+1 at the cell centers and
gn+1
i evaluated at the particle positions.

Advance the particle velocities by 1
2∆tn resulting in vn+1

i .

Ondro & Gális HEDGEHOG



Updating particle positions and velocities

To update the particle positions and velocities starting from xn and
vn we used the kick - drift - kick technique

vn+1/2 = vn +
1

2a(t)
∗∆t ∗ gn

i

xn+1 = xn +
1

a(t)
∆t ∗ vn+1/2

vn+1 = vn+1/2 +
1

2a(t)
∗∆t ∗ gn

i
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Test - Cosmological simulation

We start with the Gaussian random field with prescribed power spec-
trum P(k) as

δ̂(k) = Ĝ (k)
√
P(k),

where Ĝ (k) is a Gaussian random field of zero mean and unit vari-
ance. To convert the Eulerian density into a Lagrangian representa-
tion of particles, we used the Zel’dovich approximation

x = q +Ψ(q),

ẋ =
Ḋ(a)

D(1)
Ψ0(q),

where q is the initial position of the particle and x is the final
position,

Ψ(q) = D̄(a)Ψ0(q),
where D̄(a) = D(a)/D(1) is the normalized growth function and

Ψ̂0(k) =
ik
k2

δ̂(k)
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Test - Cosmological simulation - Results
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Last note...
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:)

Thank you for your attention...
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