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TR-17020, Çanakkale, Turkey,
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Abstract. This study aims at timing the eclipses of the binary star TU UMi.
The times of minima are taken from the literature, from our observations in
April 2004 and from TESS observations between 2019 and 2022. The orbital
period analysis of the system indicates that there is a cyclic oscillation with
an amplitude of 0.0081d and a period of 9.03 yr, accompanied by a continuous
decrease at a rate of dP/dt = −1.12 × 10−7 d yr−1. We study the secular evo-
lution of the orbital period of the system and the possibility of the existence
of a third companion or the magnetic activity cycle of the primary component
in the system.

Key words: Stars: binaries: eclipsing; Stars: Individual TU UMi

1. Introduction

Variability of TU UMi (BD+76544, HIP 73047) was detected during the Hippar-
cos mission (ESA, 1997) with a period of 0d.188546. Duerbeck (1997) reported
the system as a contact binary of EW, or a pulsating star with a doubled period.
Kazarovets et al. (1999) and Rodŕıguez et al. (2000) classified the source as a
delta Scuti type variable star. However, Rolland et al. (2002) observed the sys-
tem in Strömgren filters and showed that TU UMi is outside of the instability
strip of delta Sct-type pulsators using a colour-magnitude diagram.

TU UMi was observed spectroscopically by Pych & Rucinski (2004) who
reported that TU UMi is a triple system containing a close binary and the light
contribution of the third component around the contact binary is L3/(L1+L2) =
1.25 ± 0.15. Pych & Rucinski (2004) also determined the period of TU UMi
at twice the Hipparcos original period. Rucinski et al. (2005) presented the
first radial velocity orbit of the system: K1 = 35 ± 15 kms−1, K2 = 220 ± 20
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kms−1 and the radial velocity of for the third companion is −4.16±0.20 kms−1.
They calculated the mass function of (M1 +M2)sin

3i = 0.65± 0.27M⊙ and an
extremely low mass ratio of M2/M1 = 0.16±0.07 and classified it as an EW/W-
type binary. Kjurkchieva et al. (2010) observed brightness changes of the system
in BVR filters. They reported that the light curves of the system are asymmetric
with steeper decreasing branches and unequal maxima and suggested that the
third bright companion may be responsible for these variations. Furthermore,
TU UMi was included in the Asteroseismic Target List (Schofield et al., 2019) of
solar-like oscillators to be observed in 2-minute cadence with TESS and some of
the fundamental parameters combining the Gaia DR2 and Hipparcos data were
given in this study. Although the minima times of the system were reported by
many researchers, the O-C period variation was only pointed out by Kjurkchieva
et al. (2010), who analyzed the data from the years 2003-2009. Based on a 6-year
eclipsing cycle of TU UMi, Kjurkchieva et al. (2010) interpreted that the O-C
values are increasing linearly in time as the consequence of the low precision of
the determined period.

In this paper, we reconsidered all reported minima times in the literature and
used the TESS data which were obtained between 2019 and 2022, and the UBVR
observations that were obtained in 2004 at the Ege University Observatory, as
well. The period change was then investigated in detail, based on all available
light minimum times and the results are presented. Here, we report on the
detection of a long-term period decrease superimposed on a cyclic change in
the orbital period of TU UMi and discuss the plausible cause of these period
changes. We performed the solution of the light-travel time effect (LITE) via
the presence of an additional companion and magnetic activity cycle for TU
UMi with new minima times.

2. Observations and determinations of the times of minima

Johnson UBVR observations of TU UMi in terms of differential magnitudes
with respect to the comparison star HD131358 were carried out at the Ege
University Observatory (EUO) with the 0.48-m Cassegrain telescope equipped
with a high-speed three-channel photon-counting photometer (Kalytis, 1999).
Fainter comparison and check stars (i.e. Comp. and Chk.) were chosen and are
listed in Tab. 1. The observations were performed during 8 nights in 2004 in
UBVR bands and typical exposure times were 10 s. We obtained a total of
432 measurements in all bands. All differential magnitudes were corrected for
atmospheric extinction and heliocentric corrections were applied to all observing
times. The amplitudes of variable light are 0.055m, 0.056m, 0.062m, and 0.052m

for UBVR bands, respectively. Hence, both eclipse depths are shallow and it is
difficult to distinguish primary and secondary minima in our observations. The
primary eclipse is deeper than the secondary one by up to 0.005m. Since our
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Figure 1. The O-C diagram of TU UMi (upper part), where the solid line
represents the theoretical LITE variation caused by a 3rd body and the dashed
line represents the quadratic ephemeris, and the O-C residuals obtained after
the subtraction of LITE (lower part).

major goal is to obtain differential photometry for program stars, we did not
observe photometric standard stars during our runs.

Tab. 1 gives an observing log for data observed at the Ege University Obser-
vatory (EUO). To study orbital period changes, we collected a total of 14 light
minimum times. From the new observations, eight light minimum timings were
determined by the least-squares fit of the observed data using the K-W method
(Kwee & van Woerden, 1956). Furthermore, The TESS light curves of TU UMi
are used to determine the mid-times of primary and secondary eclipses of the
system, where we obtain 904 minima times in total, of which 454 are the pri-
mary minima and 450 the secondary times of minimum. The minima times data
come from observations sector 14, 15, 20, 21, 22, 26, 40, 41, 47, and 48. Forty-
five computed minima times using TESS data are included in Tab. 2, while the
rest of them are available upon request. Those individual light minimum times,
together with their errors, and the O-C residuals are listed in Tab. 2.

Table 1. Coordinates of the variable, comparison and check stars.

Star αJ2000.0 δJ2000.0 mag (V)
TU UMi 14 55 43.80 +76 18 23.65 8.75± 0.01
HD 131358 (Comp.) 14 47 10.16 +76 02 32.13 7.38± 0.01
HD 135118 (Chk.) 15 06 53.63 +75 59 07.04 8.29± 0.01
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3. Analysis of period change

The eclipse timing data used in the O-C analysis of TU UMi covers almost
19 years from March 2003 to February 2022. An O-C diagram with all those
timings is plotted in Fig. 1 by using the following light element, where T0 =
2458696.10801 (HJD) and P = 0d.377088 are the conjunction time obtained in
this study from TESS observations and the orbital period taken from Rucinski
et al. (2005), respectively.

The O-C diagram including minimum times using the TESS data is shown
in Fig. 1. As it can be seen in the figure, a systematic deviation from the linear
ephemeris is present in the current O-C diagram and it has a downward curving
parabolic character indicating a period decrease of the system, which was not
discovered by the previous O-C diagrams (Kjurkchieva et al., 2010). However,
with the current data, one additional structure in the O-C diagram came out
which can be seen in the residuals from the parabolic approximation in Fig. 1.
This additional structure has a cyclic character superimposed on the general
quadratic trend. We have quickly tested the significance of this cyclic character
by looking at the difference in the values of the sum of squared residuals of the
fits to the O-C data with only parabolic and parabolic+cyclic approximations.
The sum of squared residuals Σ(O−C)2 turns out to be 0.021 day2 and 0.0026
day2 for only parabolic and parabolic+cyclic fits, respectively. As seen from
these values the sum of squared residuals substantially improved when the cyclic
variation has been taken into account.

To search for the period of the cyclic variations, a periodogram analysis
with PERIOD04 (Lenz & Breger, 2005) was carried out for the quasi-sinusoidal
variation seen in the residuals of O-C after the subtraction of a quadratic term,
whose result is displayed in Figure 2. We found a significant peak in the power
spectrum mainly located around the frequency of f1 = 3.00744 × 10−4 d−1,
which corresponds to a period of 3325 days (∼ 9.1 yr). This value is then used
as an initial Pmod parameter for the non-linear least-squares fitting the O-C
values.

The cyclic variations are usually explained either by the light travel time
effect (LTTE) via the presence of a third body, or by magnetic activity cycles
in one or both components because they are late-type stars. To search for the
LTTE effect, the calculated the O-C values based on all times of minima were
fitted by the equation:

O − C =O − [T0 + Porb × E +
1

2

dP

dE
× E2+

A√
1− e2 cos2 ω

×

{

(1− e2)
sin (ν + ω)

(1 + e cos ν)

} (1)
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Figure 2. The power spectrum of the residuals from the quadratic fit.
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Figure 3. The O-C curve of TU UMi shows the residuals from the quadratic
fit. The solid line refers to a theoretical orbit of the additional component in
the system.
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where

A =
a12 sin i

√
1− e2 cos2 ω

2.590× 1010

is the semi-amplitude of the light-time effect in days. E, Porb, T0 and dP/dE
represent the cycle number, orbital period, the reference epoch for the primary
minimum and the rate of the secular period change of the binary star, respec-
tively. a12, i, e and ω, 2.590× 1010 are the semi-major axis, inclination, eccen-
tricity, longitude of the periastron of the absolute orbit of the center of mass
of the eclipsing binary around the three-body system and the speed of light in
km/day, respectively. ν is the true anomaly of the position of the eclipsing bina-
rys mass center on this orbit and includes Tp that it is the epoch of the passage
at the periastron of the eclipsing binarys mass center along its orbit and Pmod,
which is the modulation period of the third body orbit.

The O-C method was applied in the analysis using a matlab code given by
Zasche et al. (2009) to determine the eight free parameters (namely T0, Porb,
dP/dE, Pmod, Tp , a12 sini, e, ω) by least-squares fitting the O-C values taking
into account both variations (parabolic+cyclic). The best theoretical fit made
to the O−C diagram and the residuals obtained from the fit are shown in Fig.
1 and Fig.3 and the derived parameters and their errors are given in Tab. 3. The
sum of square residuals from the best fit is 0.0026 days2.

4. Results and conclusions

4.1. Mass transfer between the components

TU UMi is a short-period (0d.3770) W-type contact binary where the primary
component is estimated to be F-type star by Rucinski et al. (2005) and is poorly
investigated in detail. By analyzing a total of 926 times of light minimum, the
orbital period of TU UMi is changing with a cyclic character superimposed on
a decreasing structure. The O-C curve of the system shows a clear long-term
period decrease at a rate of dP/dt = −1.12×10−7 d yr−1 (−0.18 sec century−1).
The type of variations, i.e., a long-term decrease combined with a cyclic change,
is commonly found in W UMa-type stars that are shown in Tab. 4 for some
of the W-type contact binaries between 0.2 d < Porb < 0.7 d. Furthermore, Li
et al. (2018) studied the light travel-time effect in short-period eclipsing bina-
ries and concluded that the frequency of third bodies found in contact binaries
with P < 0.3 day reaches a value of 0.65 in their samples including 542 eclips-
ing binaries. Therefore, there may exist a periodic variation superimposed on a
secular decrease in the period in the (O-C) curve of TU UMi. The long-term
period decrease can be explained by mass transfer from the more-massive com-
ponent to the less-massive one in the case of a conservative mass transfer, or
by the angular momentum loss from the system, or by a combination of both
mechanisms.
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Table 2. Observed times and (O-C)
d
values of minimum light for TU UMi.

BJD12400000+) Error Epoch (O − C)1 (O − C)2 Residuals Reference
52739.5938 0.0004 -15796.0 -0.0071 0.0067 0.0051 [1]
52739.7696 0.0008 -15795.5 -0.0198 -0.0061 -0.0076 [1]
52741.6616 0.0003 -15790.5 -0.0133 0.0005 -0.0011 [1]
53086.5050 0.0020 -14876.0 -0.0179 -0.0057 -0.0019 [2]
53086.5084 0.0022 -14876.0 -0.0145 -0.0023 0.0016 [2]
53100.4599 0.0043 -14839.0 -0.0153 -0.0031 0.0010 [2]
53100.4577 0.0023 -14839.0 -0.0167 -0.0046 -0.0005 [2]
53100.4600 0.0011 -14839.0 -0.0152 -0.0030 0.0011 [2]
53137.4122 0.0009 -14741.0 -0.0178 -0.0058 -0.0012 [2]
53137.4163 0.0010 -14741.0 -0.0137 -0.0017 0.0029 [2]
53137.4166 0.0008 -14741.0 -0.0134 -0.0014 0.0032 [2]
54513.4207 0.0006 -11092.0 -0.0075 -0.0007 -0.0011 [3]
54513.6131 0.0008 -11091.5 -0.0037 0.0031 0.0028 [3]
55115.4555 – -9495.5 0.0049 0.0099 0.0020 [4]
55276.4695 0.0009 -9068.5 0.0019 0.0064 -0.0021 [5]
55277.4074 0.0010 -9066.0 -0.0030 0.0016 -0.0069 [5]
55285.5224 0.0009 -9044.5 0.0046 0.0092 0.0007 [5]
55289.4804 0.0012 -9034.0 0.0031 0.0077 -0.0008 [5]
55765.3665 0.0003 -7772.0 0.0025 0.0059 0.0002 [6]
55774.4168 0.0002 -7748.0 0.0027 0.0060 0.0005 [6]
55957.4895 0.0010 -7262.5 -0.0014 0.0015 -0.0015 [7]
58690.8294 0.0001 -14.0 0.0086 0.0086 0.0001 [2]
58690.6406 0.0001 -14.5 0.0083 0.0083 -0.0002 [2]
58731.3663 0.0001 93.5 0.0084 0.0084 0.0000 [2]
58731.5551 0.0001 94.0 0.0086 0.0086 0.0002 [2]
58853.5425 0.0001 417.5 0.0077 0.0077 0.0000 [2]
58853.7313 0.0001 418.0 0.0079 0.0079 0.0002 [2]
58883.3323 0.0001 496.5 0.0075 0.0075 -0.0001 [2]
58883.5211 0.0001 497.0 0.0076 0.0076 0.0001 [2]
58908.4085 0.0001 563.0 0.0072 0.0072 -0.0001 [2]
58908.5971 0.0001 563.5 0.0072 0.0072 -0.0001 [2]
59021.3459 0.0001 862.5 0.0064 0.0065 0.0002 [2]
59021.5346 0.0001 863.0 0.0065 0.0066 0.0003 [2]
59403.1432 0.0001 1875.0 0.0010 0.0012 0.0004 [2]
59403.3318 0.0001 1875.5 0.0011 0.0013 0.0004 [2]
59431.0473 0.0001 1949.0 0.0005 0.0007 0.0003 [2]
59431.2359 0.0001 1949.5 0.0006 0.0008 0.0004 [2]
59580.7490 0.0001 2346.0 -0.0033 0.0000 0.0002 [2]
59580.9372 0.0001 2346.5 -0.0036 -0.0003 -0.0002 [2]
59606.3901 0.0001 2414.0 -0.0030 -0.0027 -0.0003 [2]
59606.5787 0.0001 2414.5 -0.0029 -0.0026 -0.0002 [2]
59610.5381 0.0001 2425.0 -0.0030 -0.0027 -0.0003 [2]
59610.7267 0.0001 2425.5 -0.0029 -0.0026 -0.0002 [2]
59635.4258 0.0001 2491.0 -0.0032 -0.0029 -0.0001 [2]
59635.6142 0.0001 2491.5 -0.0033 -0.0029 -0.0001 [2]

1 The minimum times are in the barycentric dynamical time system (BJD).

Notes: [1] Pych & Rucinski (2004); [2] Present work; [3] Brát et al. (2008);
[4] Kjurkchieva et al. (2010); [5] Liakos & Niarchos (2010); [6] Soydugan et al.
(2017); [7] Hubscher (2013).
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Table 3. Parameters derived from (O-C ) analysis.

Parameter Value Error
Parabolic behavior related
T0 [BJD] 2458696.1005 0.0001
Porb [days] 0.37708906 0.00000008
dP/dt [days/year] −1.12× 10−7 0.01× 10−7

3rd body related
a12 sin i [AU] 1.398 0.009
e 0.05 0.01
ω [degree] 0.3 24.6
Tp [BJD] 2462732.2 213.7
Pmod [year] 9.03 0.02
A [days] 0.0081 0.0001
f(M3) [M⊙] 0.03352 0.00001
M3(i = 90◦) [M⊙] 0.61145 0.00007
M3(i = 60◦) [M⊙] 0.72665 0.00009
M3(i = 30◦) [M⊙] 1.48124 0.00022
Magnetic activity cycle related
∆J [gcm2s−1] 7.66× 1047

∆Ω/Ω 3.08× 10−3

B[kG] 22.9

The period investigation of Kjurkchieva et al. (2010) showed that the O-C
variation of TU UMi was linear. However, only times of light minima observed
between 2003 and 2009 were used in their work. In our O-C diagram, times
of light minima obtained by the high accuracy TESS data are used and these
data show a downward tendency. Therefore, the TESS data are very important
when the period variation of TU UMi is investigated since they will give a quite
different result, as shown in Fig. 1 and Fig. 3. Also, a cyclic period change is
revealed for the first time in this study. Assuming that the long-term period
change of the system can be explained by mass transfer, then some parameters,
including the masses of the two components (M1 = 1.313M⊙,M2 = 0.21M⊙)

1,
period, the rate of change of the period of TU UMi were used in the following
equation to calculate the rate of mass transfer:

Ṁ =
M1.M2

3(M1 −M2)

Ṗ

P
; (2)

thus, dM/dt = 0.25×10−7M⊙yr
−1 was determined, assuming that the more

massive star transfers its present mass to the less massive component on a ther-
mal timescale τth (Paczyński, 1971) , τth = 1.2× 107yr and mass is transferred
to the companion at a rate of M1/τth = 1.1× 10−7M⊙yr

−1. This value is com-
patible with the calculated one using the observed period change. This means
that mass transfer can describe the parabolic variation.

1We should state that the absolute values of masses of the system used in this section are taken
from Zhang & Qian (2020) calculated by using equations given in Gazeas (2009) (equations
710) where the mass ratio (q = m2/m1) is about 0.16 (from spectroscopic observation given
by Rucinski et al. (2005)).
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Table 4. Some of the W-type contact binaries with a period decrease.

Name Porb q M1 M2 dP/dt dM/dt Cylic Pcyc LTTE Ref.
(days) M⊙ M⊙ (×10−7dyr−1) (×10−7M⊙yr−1) (years)

CC Com 0.2207 0.52 0.79 0.41 -0.40 0.51 yes 16.1 yes [1]
V1104 Her 0.2279 0.63 0.74 0.46 -0.29 0.52 yes 8.28 yes [2,3]
YZ Phe 0.2347 0.38 0.74 0.28 -0.26 0.17 yes 40.76 yes [4]
RW Com 0.2370 0.48 0.80 0.38 -0.43 0.44 yes 13.70 yes [5,6]
EI CVn 0.2608 0.46 0.63 0.29 -3.11 1.03 unclear 4.96 - [7]
V1197 Her 0.2627 0.38 0.77 0.30 -2.58 1.61 unclear - - [8]
EH CVn 0.2636 0.30 0.67 0.20 -0.52 0.19 unclear - - [9]
GV Leo 0.2667 0.19 1.09 0.19 -4.95 1.42 unclear - - [10]
BM UMa 0.2712 0.54 0.92 0.50 -0.75 1.01 yes 30.8 unclear [11]
VW Cep 0.2787 0.30 1.13 0.34 -1.69 0.98 yes 7.62 yes [12]
V1005 Her 0.2789 0.30 0.92 0.98 -1.59 0.76 yes 18.1 yes [13]
BX Peg 0.2804 0.37 1.02 0.38 -0.98 0.71 yes 16 unclear [14]
V524 Mon 0.2836 0.48 0.99 -0.002 0.002 yes 23.9 unclear [15]
RW Dor 0.2854 0.63 0.97 0.61 -0.14 0.27 unclear 49.9 - [16]
LO Com 0.2864 0.40 0.79 0.32 -1.18 0.74 unclear - - [17]
V842 Cep 0.2889 0.44 0.76 0.33 -1.50 1.01 unclear - - [18]
EP Cep 0.2897 0.15 0.73 0.11 -3.73 0.56 unclear - - [19]
TZ Boo 0.2974 0.21 0.72 0.11 -0.21 0.03 yes 31.2 unclear [20]
V2284 Cyg 0.3069 0.35 0.86 0.30 -2.67 1.34 yes 2.06 yes [21]
TY Boo 0.3171 0.47 1.21 0.57 -3.6 0.41 yes 58.9 yes [22]
FG Hya 0.3278 0.11 1.44 0.16 -1.96 0.36 yes 36.4 unclear [23]
V781 Tau 0.3449 0.45 1.06 0.43 -0.32 0.22 yes 30.8 unclear [24]
V417 Aql 0.3700 0.37 1.40 0.50 -0.55 0.39 yes 42.4 unclear [25]
AP Leo 0.3703 0.30 1.47 0.44 -1.08 0.61 yes 22.4 unclear [26]
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Table 4. Continued.

Name Porb q M1 M2 dP/dt dM/dt Cylic Pcyc LTTE Ref.
(days) M⊙ M⊙ (×10−7dyr−1) (×10−7M⊙yr−1) (years)

V396 Mon 0.3963 0.39 0.92 0.36 -0.86 0.51 yes 42.4 yes [27]
SS Ari 0.4060 0.36 1.30 0.40 -1.56 0.74 yes 39.7 unclear [28]
MR Com 0.4127 0.26 1.40 0.36 -5.30 2.07 yes 10.1 yes [29]
BS Cas 0.4408 0.28 1.20 -1.51 0.54 yes 13.2 unclear [30]
TV Mus 0.4457 0.17 1.35 0.22 -2.16 0.42 yes 29.1 unclear [31]
V502 Oph 0.4534 0.34 1.42 0.48 -1.68 0.88 yes 23 yes [32,33,34]
GU Ori 0.4706 0.43 1.05 0.45 -0.62 0.35 unclear - - [35]
IK Per 0.6760 0.19 1.99 0.34 -2.52 0.51 yes 50.5 yes [36]

Notes: [1] Yang & Liu (2003) ; [2] Liu et al. (2015); [3] Latković et al. (2021a);[4] Sarotsakulchai et al. (2019b) ;[5] Yang
& Liu (2003) ;[6] Djurašević et al. (2011); [7] Yang (2011); [8] Zhou & Soonthornthum (2020) ; [9] Xia et al. (2018) ; [10]
Kriwattanawong & Poojon (2013) ; [11] Yang et al. (2009) ; [12] Mitnyan et al. (2018) ; [13] Zhu et al. (2019) ;[14] Lee
et al. (2009) ;[15] He et al. (2012) ;[16] Sarotsakulchai et al. (2019a) ;[17] Zhang et al. (2016) ;[18] Li et al. (2021) ;[19] Zhu
et al. (2014) ;[20] Christopoulou et al. (2011) ;[21] Wang et al. (2017) ;[22] Christopoulou et al. (2012) ;[23] Qian & Yang
(2005) ;[24] Lu et al. (2020) ;[25] Qian (2003);[26] Qian et al. (2007) ;[27] Liu et al. (2011);[28] Kim et al. (2003);[29] Qian
et al. (2013);[30] Yang et al. (2008);[31] Qian et al. (2005) ;[32] Pych et al. (2004);[33] Maceroni et al. (1982);[34] Liu & Yang
(2006) ;[35] Zhou et al. (2018) ;[36] Zhu et al. (2005) .
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4.2. Cyclic variation

The O-C residuals obtained after the subtraction of the quadratic term are
shown in Figure 3, whose shape appears to have a quasi-sinusoidal variation
with a period of ∼ 9 yr. This can be explained in two ways: the Applegate
mechanism (Applegate, 1992) and the light-time effect.

4.2.1. Presence of a possible third component

One of the possible causes of the cyclic O-C variation may be the light travel
time effect (LTTE) due to a third body that is physically bound to the system.
In order to examine this situation, the LTTE equation given by Irwin (1952)
(see Equ. 1) was fitted to the O-C diagram of the system.

According to the parameters given in Tab. 3, TU UMi orbits around the
triple systems center of mass in a very low eccentric orbit (e = 0.05±0.01) with
a period of Pmod = 9.03 ± 0.02 years. The projected distance of the center of
mass of TU UMi to the center of mass of the three-body system was estimated
to be a12 sin i = 1.398±0.009 AU. Using the Pmod and a12 sin i values, the mass
function of the third body was found to be f(M3) = 0.03352±0.000001M⊙. The
minimum mass of the tertiary (i = 90◦, where i is the inclination of the third
bodys orbit) is estimated asM3 = 0.611M⊙. According to Budding & Demircan
(2007)’s empirical main sequence table, the spectral type of this companion is
estimated to be ∼ K3. Therefore, the third body deduced from LTTE may be
a low-mass star. In this case, the mass of the third body is comparable to the
mass of the secondary component in the binary system. Pych & Rucinski (2004)
reported that TU UMi is a triple system containing a close binary and about 50
percent of total light coming from the bright tertiary companion in the system.
However, this system is also known as a visual binary2 with a separation of 0.2
arcsec. Rucinski et al. (2005) suggest that the third, spectroscopic component
is probably identical to the visual component. Apart from this, the third body
was not confirmed photometrically and further observational evidence for the
existence of a third body needs to be investigated. If the third body is really
present in the system, it may have an important role in the evolution of the
binary system by drawing angular momentum from the central binary via a
Kozai cycle (Kozai, 1962) or a combination of a Kozai cycle and tidal friction.

4.2.2. Magnetic activity

The close binary systems with late-type components are well known to be mag-
netically active, e.g. with chromospheric emission, starspots. The Applegate
mechanism suggests that magnetic activity causes a variation of the angular
momentum distribution, and then leads to variations in the active component

2The visual component is WDS 14557+7618.
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in the system. So any change in the rotational system of a binary star compo-
nent due to the magnetic activity will be reflected to the orbit as a consequence
of the spin-orbit coupling and the orbital period changes slightly periodically.

The observed cyclic variation in the O-C diagram of TU UMi may be ex-
plained as resulting from magnetic activity variations due to star spots. We have
calculated the activity related parameters by following the Applegate (1992) for-
mulation and assuming the primary component (should be an F2 type dwarf ac-
cording to the (B-V ) color index value given by Duerbeck (1997)) of the system
is responsible from the activity. The parameters are the cycle modulation, period
Pcyc = 9.03 years, the amplitude of the cyclic period variation, ∆P = 1.005 sec
cycle−1, the angular momentum transfer ∆J = 7.66 × 1047 g cm2 s−1 required
to produce the observed cyclic effect on the orbital period, required energy
∆E = 2.28×1041 ergs for the ∆J transfer, the corresponding luminosity change
∆L = 0.633L⊙, and, finally the subsurface magnetic field B = 22.9 kG of
the primary component. The period variation ∆P/P can be used for calcu-
lating the variation of the quadruple moment ∆Q and this quantity results in
2.15×1050 g cm2, which is within the limits for active binaries (a range of values
from 1050 to 1051 g cm2). Since the parameters of the two components of the bi-
nary were adopted by Zhang & Qian (2020), we can calculate the changes of the
luminosity to be ∆L1 = 0.633L⊙ < L1 (3.2L⊙). Obviously, the active primary
component can provide enough energy to generate such changes. Therefore, the
Applegate mechanism can explain the cyclic period change in TU UMi as well.
In addition, we should point out that no unequal difference between the two
light maxima (Max I-Max II), or the OConnell effect was not remarkable in the
TESS and our observations. In addition to this, according to Tran et al. (2013),
strong spot activity causes an effect on the variations of the minima times. The
trends of primary and secondary minima time variations are expected to show
an erratic, and anticorrelated to each other behaviour and these have been ob-
served in many W UMa type systems. To search for such a variation in our case,
we decided to plot primary and secondary O-C times determined from TESS
data. As TU UMi was observed by TESS intermittently during the period March
2003 to February 2022, we focus on two consecutive data sets (Sector 21, 22 and
Sector 47, 48). As it can be seen in Fig. 4, there are no short-term, anticorrelated
O-C variations in the primary and secondary curves of TU UMi. The results
may suggest that TU UMi has a very weak activity and it may be in an inactive
state for decades with no significant spot activities. The Applegate mechanism
also supports the long-term light variation and the O-C curve formed by the
times of minima should have the same cycle length. Unfortunately, we do not
have precise enough long-term photometric observations for TU UMi to check
such brightness variations. Long-term photometric monitoring can clarify TU
UMi’s plausible magnetic activity cycle characteristics.

We calculated the angular momentum loss (AML) via magnetic stellar wind
which can be determined by the following equation given by Bradstreet &
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Figure 4. Time-dependent variations of the O-C curves for the primary and
secondary eclipses (vertically displaced for clarity) are shown as blue and red
colors for Sector 21, 22 (top panel), and Sector 47, 48 (bottom panel), respec-
tively.

Guinan (1994) for the long-term decrease:

Ṗ ≈ 1.1× 10−8 q−1 (1 + q2 (M1 +M2)
−5/3

× k2 (M1 R
4
1 +M2 R

4
2)P

−7/3
(3)

where k2 is the gyration constant between 0.07 to 0.15 for solar-type stars.
By adopting the value of k2 = 0.1, the rate of the orbital period decrease due
to AML can be computed as dP/dt ∼ 2.4 × 10−7 d yr−1 and the timescale of
the period decrease is (dP/dt) ∼ 1.56 × 106 yr or ∼ 1.6 Myr) which is close to
the timescale from observed the period decrease derived from O − C variation
(P/(dP/dt) = 2.6 Myr). This may lead to the conclusion that the long-term
period decrease of TU UMi can also be constrained by AML, but as it can be
seen in Sec. 4.1, the period decrease from conservative mass transfer cannot be
neglected. Therefore, a plausible explanation for the long-term period decrease
in TU UMi is AML, or the combination of the two mechanisms (AML and mass
transfer). Nevertheless, observations in the next decades are necessary to clarify
the true shape of the O-C diagram.
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Figure 5. A plot of the period change range versus the mass ratio (dP/dt- q)
for some W-type systems (blue circles) listed in Tab. 4. For comparison, the
parameters of TU UMi (red circles) are also plotted. The fitted curve is given
in Eq. 4.

4.2.3. Long-term period decrease in W-type W UMa stars

Long-term period decreasing and increasing are common for W UMa-type bi-
naries. This variation is usually due to mass transfer or angular momentum
loss, which results in orbital period changes. In this study, the analysis of the
orbital period of TU UMi was performed and a long-term period decrease was
discovered. In general, it is interpreted as caused by conservative mass transfer
from the more massive component to the less massive component. In order to
find a relation between the observed period change rate using O − C variation
and the mass ratios, we compiled the physical parameters and the observed
period change rate (dP/dt) for some W-type contact binaries showing a sec-
ular period change plus cyclic variations in the literature in a period range of
0.2 < Porb < 0.7 d. They are listed in Tab. 4 in the order of the increasing orbital
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period. The plot of the period change versus the mass ratio rate can be seen
in Fig. 4, where the positions of 32 W-type W UMa stars are shown. Based on
these parameters, there may exist a correlation (solid line) between the period
change, dP/dt, and the mass ratio, q. We fitted the data using the least-squares
method and the fitting result yields the following equation:

dP/dt = −5.82(±1.55) q + 3.60(±0.60), (4)

where dP/dt is in units of×10−7 d yr−1. This relation tells us that the secular
periods of systems are decreasing with the increasing mass ratio. It seems that
the mass transfer between the two components may contribute to changes in the
mass ratio of a system, which needs to be confirmed using a large sample of W
UMa stars. However, in a statistical study for contact binaries by Latković et al.
(2021b), there has been recently investigated the relation between the orbital
period change rate (taking into account both period increasing and decreasing)
and the mass ratio for A and W-type systems using a large sample of W UMa
stars. They pointed out that there is no correlation between the type of period
variability and the mass ratio (see their Fig. 7). In our sample, it seems that the
derived relation is more obvious for q > 0.25. The systems with q < 0.25 tend
to show dP/dt in a large range of (2− 5.3)× 10−7 d yr−1. The maximum dP/dt
value is 3× 10−7 d yr−1 for the systems with q > 0.25. The q value of TU UMi
shows that it is in agreement with the observed period change rates of W-type
W UMa binaries. Tab. 4 also lists the estimated mass transfer rates of samples,
we found them to be in the range (0.002 − 2) × 10−7M⊙yr

−1, while TU UMi
appears to have a comparable rate of 0.3×10−7M⊙yr

−1. The primary masses of
samples (M1) in Tab. 4 apparently show no relationship with the period-change
rate (dP/dt). However, there is the same relation between the secondary masses
(M2) and the period-change rate (dP/dt), where dP/dt decreases with increasing
q. This is understandable because, in the study of Latković et al. (2021b), the
empirical relationship between the secondary masses and the mass ratio shows a
linear correlation, M2 increases with increasing q. Most of the systems in Tab. 4
have a confirmed cyclic change related to the magnetic activity of components,
or LTTE in the system. Although we accept that the long-term period decrease
is due to conservative mass transfer between components, the contribution of
angular momentum loss (AML) via magnetic stellar wind, or by a combination of
both processes, on the secular period reducing cannot be ruled out. The cyclic
OC variation can be explained in terms of the LTTE or solar-like magnetic
activity cycle of one of the two components in the system. However, we can not
discriminate which mechanism is responsible for the cyclic variation in the OC
diagram and it is clear that we need more observations to ascertain that.
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support in performing observations at the Ege University Observatory and the staff
of the Ege University Observatory. We would like to thank Burak Ulaş for allowing
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Abstract. The objects of research are three recently discovered white dwarfs
from binary systems with rapid axial rotation and masses M ≤ M⊙. The geo-
metrical and mechanical characteristics (moment of inertia, equatorial gravity,
the condition of stability in relation to rotation) are calculated for the white
dwarf V1460 Her within an electron-nuclear model, based on the equilibrium
equation and inferred from observations mass and period of axial rotation.
Estimates of model parameters and macroscopic characteristics for inferred
from observations periods of rotation are performed for white dwarfs LAM-
OST J024048.51+195226.9 and CTCV J2056-3014.

Key words: stars: white dwarfs – stars: rotation

1. Introduction

The traditional approach in the theory of white dwarfs with axial rotation is
based on the Chandrasekhar model (Chandrasekhar, 1931) supplemented by
solid body rotation (James, 1964; Roxburgh, 1965). The structure description
of a white dwarf in this model is reduced to the mechanical equilibrium equa-
tion, which is a differential nonlinear equation of the second order in partial
derivatives with two independent dimensionless parameters (the relativistic pa-
rameter in the stellar center x0 and dimensionless angular velocity Ω). The
solutions of the mechanical equilibrium equation for a fixed value of x0 exist in
the region 0 ≤ Ω ≤ Ωmax(x0) and give the opportunity to qualitatively deter-
mine the influence of rotation on white dwarfs’ characteristics. All macroscopic
characteristics of white dwarfs are functions of these two parameters. Angular
velocity is one of the independent parameters to be used in more accurate mod-
els, which take into account finite temperature effects (incomplete degeneracy of
an electron subsystem), Coulomb interparticle interactions, and magnetic fields
(Tassoul, 1978). This approach does not refer to a specific dwarf, but to dwarfs
in general.

Due to the development of methods of astronomical observations and tech-
nical equipment in recent years it yielded reliable data about white dwarfs in
binary systems, in particular about their axial rotation and also in some cases
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about their masses (Ashley et al., 2020). This gives an opportunity to formulate
a new approach for calculations of the structure and characteristics of white
dwarfs in binary systems. Namely, to solve the equilibrium equation for the
specific white dwarf with inferred from observations angular velocity ω. In this
case the dimensionless angular velocity Ω becomes a function of the relativistic
parameter x0, and the number of independent parameters in the equilibrium
equation is reduced by one. This simplifies the inverse problem of theory – de-
termination for observation data of other parameters of the model, as well as
characteristics of white dwarfs, which are not determined from observed data.

For calculation of white dwarfs’ structure we use the electron-nuclear model
with a completely degenerate electron subsystem, which takes into account ax-
ial rotation and Coulomb interparticle interactions. The purpose of our work
is to calculate geometrical and mechanical characteristics of the white dwarf
V1460 Her (Ashley et al., 2020) for its mass and period of rotation as in-
ferred from observations, as well as assessments of characteristics of LAMOST
J024048.51+195226.9 (Pelisoli et al., 2021) and CTCV J2056-3014 only for in-
ferred from observations periods of axial rotation (Lopes de Oliveira et al., 2020).

2. The equilibrium equation of white dwarf

In the standard approach, the equilibrium equation of a white dwarf with a
constant angular velocity in a non-inertial reference frame is written in the
form (James, 1964)

∇P (r) = −ρ(r)
{

∇Φgrav(r) +∇Φc(r)
}

, (1)

where

ρ(r) =
muµe

3π2

(mec

~

)3

x3(r) (2)

is the density of matter, practically concentrated in nuclei, mu is the atomic
mass unit, me is the electron mass, c is the speed of light,

x(r) ≡
~

mec

(

3π2ne(r)
)1/3

(3)

is the local value of a relativistic parameter, ne(r) is the number density of
electrons at the point with the radius-vector r, and µe = 〈A/z〉 is the ratio of
mass number of nucleus A to its charge z averaged over the volume of a star,
therefore µe ≈ 2.0. In equation (1)

Φgrav(r) = −G

∫

ρ(r′)dr′

|r− r′|
(4)

is the gravitational potential inside of a white dwarf. In the spherical coordinate
system, whose axis Oz coincides with the axis of star’ rotation, the centrifugal
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potential is

Φc(r) = −
1

2
ω2r2 sin2 θ, (5)

where θ is the polar angle, and ω is the angular velocity. In the model which we
use

P (r) = P0(r) + Pint(r), (6)

where

P0(r) =
πm4

ec
5

3h3
F(x(r)),

F(x) = x(2x2 − 3)[1 + x2]1/2 + 3 ln[x+ (1 + x2)1/2]

(7)

is the pressure of an ideal relativistic completely degenerate electron subsystem
within special theory of relativity, and Pint(r) is the contribution of Coulomb
interparticle interactions. The nuclear subsystem is static, as in the Chan-
drasekhar model. The contribution to pressure in a spatially homogeneous
electron-nuclear model is an expansion in powers of the fine-structure constant
α0 = e2/~c, which was calculated in the work of Vavrukh et al. (2018),

Pint = −
πm4

ec
5

3h3
f(x|z),

f(x|z) = α0

{

2

π
+

4d0
3γ

z2/3
}

x4 −
8

3
α2
0

{

dEcor(x)

dx
+ z4/3

dE2(x|z)

dx

}

x4 + . . . ,

(8)

which generalizes the expression obtained by Salpeter (1961). Here
γ = (9π/4)1/3, and x is the relativistic parameter in a homogeneous model. The
parameter d0 depends on the spatial distribution of nuclei: for the Wigner-Seitz
cell (Pines & Noziéres, 1966) d0 = 1.8; for a spatial cubic lattice d0 = 1.76; for a
hexagonal closest packing d0 = 1.79168; and for cubic face-centered and body-
centered configuartions d0 = 1.79186 and 1.79172, respectively (Fuchs, 1935;
Carr, 1961). The function f(x|z) is positive, therefore, Coulomb interparticle
interactions decrease the pressure. Axial rotation and Coulomb interparticle in-
teractions are competing factors. The transition to a spatially inhomogeneous
model is carried out by the substitution x→ x(r) in formulae (8), which corre-
sponds to the local approximation.

3. Model with axial rotation

Axial rotation and Coulomb interparticle interactions play the role of correc-
tions and can be taken into account within the perturbation theory. These two
factors are competing, so it is advisable to study their influence on the white
dwarf characteristics separately. At the first stage we consider a model with ro-
tation without Coulomb interparticle interactions. Substituting P0(r) and ρ(r)
in equation (1) we obtain a nonlinear differential equation for the relativistic
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parameter x(r). To obtain it in the form which is typical for the equation in the
polytropic theory of stars, we introduce the dimensionless variables

ξ = r/λ(x0), Y (ξ, θ) = ε−1
0

{

[1 + x2(r)]1/2 − 1
}

, (9)

where ε0 ≡ ε0(x0) = (1 + x20)
1/2 − 1, and the parameter x0 = x(r = 0) is

determined by the number density of electrons in the stellar center according to
definition (3). In these variables the equilibrium equation takes the form

∆ξ,θY (ξ, θ) = Ω2 −

{

Y 2(ξ, θ) +
2

ε0
Y (ξ, θ)

}3/2

, (10)

where the Laplacian in variables (ξ, θ) equals

∆ξ,θ = ∆ξ +
1

ξ2
∆θ, ∆ξ =

1

ξ2
∂

∂ξ

(

ξ2
∂

∂ξ

)

, ∆θ =
∂

∂t
(1− t2)

∂

∂t
, t = cos θ. (11)

Herewith the scale length λ(x0) and dimensionless angular velocity Ω are deter-
mined by relations

32π2G

3(hc)3
{

muµemec
2λ(x0)ε0

}2
= 1,

Ω = 21/2ωλ(x0)

(

muµe

mec2ε0

)1/2

.

(12)

From first equality (12) we find that λ(x0) = R0(µeε0)
−1, where

R0 =

(

3

2

)1/2
1

4π

(

h3

cG

)1/2
1

m0mu
≈ 0.776885·109 cm ≈ 1.11623·10−2R⊙ (13)

is the scale of white dwarfs’ radii. From second expression (12) we have

Ω =
ω

ω0

(

2

µe

)1/2

ε
−3/2
0 , ω0 =

(

GM0

R3
0

)1/2

. (14)

Here

M0 =

(

3

2

)1/2
1

4π

(

hc

G

)3/2
1

m2
u

≈ 5.740247 · 1033 g ≈ 2.886649M⊙ (15)

is the scale of stellar masses and ω0 ≈ 0.9062 c−1 is the scale of angular velocities.
According to definition (9), equation (10) corresponds to the boundary con-

dition Y (0, θ) = 1, and ∂Y (ξ, θ)/∂ξ = 0 at ξ ⇒ 0 is the condition for regularity
of the solution. In equation (10) there appear two dimensionless parameters (x0
and Ω). In our work (Vavrukh et al., 2022) we obtained solutions of equation
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(10) in a linear approximation for Ω2 in the region (1 ≤ x0 ≤ 24; 0 ≤ Ω ≤ Ω(x0))
and calculated polar and equatorial radii. Also we studied the shape of a white
dwarf and calculated its mass, moment of inertia, equatorial gravity and total
energy as functions of parameters x0 and Ω.

But in the case when we know the angular velocity ω from observations,
the dimensionless angular velocity determined by formula (14) is no longer an
independent parameter – it becomes a function of parameters µe and x0, Ω ≡
Ω(x0, µe). At homogeneous chemical composition ω is actually a function of the
parameter x0. Methods of finding solutions of equation (10) at Ω ≡ Ω(x0) are
the same as in the work of Vavrukh et al. (2022).

In the inner stellar region the solution of equation (10) is presented in the
form

YI(ξ, θ) = y(ξ) + Ω2Ψ(ξ, θ), (16)

where y(ξ) is the solution of the equilibrium equation at Ω = 0

∆ξy(ξ) = −

(

y2(ξ) +
2

ε0
y(ξ)

)3/2

(17)

and satisfies the boundary conditions y(0) = 1, ∂y(ξ)/∂ξ = 0 at ξ = 0. The
condition y(ξ) = 0 determines the dimensionless radius of a white dwarf in the
Chandrasekhar model ξ1(x0). In the inner region, where 0 ≤ ξ ≤ ξ1(x0), the
function Ψ(ξ, θ) can be considered as a correction and linearizes equation (10)
relative to Ψ(ξ, θ). In such approximation this function satisfies the equation

∆ξ,θΨ(ξ, θ) = 1− Φ(ξ|x0)Ψ(ξ, θ),

Φ(ξ|x0) = 3

{

y(ξ) +
1

ε0

}{

y2(ξ) +
2

ε0
y(ξ)

}1/2

.
(18)

Its solution can be represented in the form of expansions for the Legendre poly-
nomials

Ψ(ξ, θ) = ψ0(ξ|x0) +
∑

l≥1

a2l(x0)P2l(t)ψ2l(ξ|x0), (19)

where a2l(x0) are integration constants. The unknown functions satisfy the fol-
lowing ordinary linear equations

∆ξψ0(ξ|x0) = 1− Φ(ξ|x0)ψ0(ξ|x0),

∆ξψ2l(ξ|x0) =

{

2(2l + 1)

ξ2
− Φ(ξ|x0)

}

ψ2l(ξ|x0), l ≥ 1.
(20)

Equations (20) correspond to the boundary conditions ψ2l(ξ|x0) = 0,
∂ψ2l(ξ|x0)/∂ξ = 0 at ξ → 0 for all l ≥ 0. The function ψ0(ξ|x0) has asymptotics
ξ2/6+. . . at ξ ≪ 1. Functions ψ2l(ξ|x0) at ξ ≪ 1 have asymptotics of a spherical
Bessel function, so we use a normalization for them

ψ2l(ξ|x0) ⇒ {(4l + 1)!!}−1ξ2l + . . . at ξ ≪ 1. (21)
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In the region of stellar periphery (ξ > ξ1(x0)), where Y (ξ, θ) has a small
value, the solution of equation (10) is close to the solution of

∆ξ,θYII(ξ, θ) = Ω2 −

(

2

ε0

)3/2

Y
3/2
II (ξ, θ), (22)

which is similar to the equation of a rotating polytrope with index n = 1.5. By
the method of successive approximations we find that

YII(ξ, θ) =
ξ2Ω2

4
(1− t2)−

(

2

ε0

)3/2
ξ5Ω3

25
(1− t2)5/2 + . . .

+Ω2
2

∑

l=0

{

c2l(x0)ξ
2lP2l(t) + b2l(x0)

P2l(t)

ξ2l+1

}

,

(23)

where c2l(x0), b2l(x0) are integration constants.
Solutions of equations (20) are found numerically. To find integration con-

stants a2l(x0) we use the integral form of the equilibrium equation

YI(ξ, θ) = 1+
ξ2Ω2

6

(

1−P2(t)

)

+
1

4π

∫

Q(ξ, ξ′)

{

Y 2
I (ξ

′, θ′)+
2

ε0
YI(ξ

′, θ′)

}3/2

dξ′,

(24)
which contains the kernel

Q(ξ, ξ′) = |ξ − ξ′|−1 − (ξ′)−1, (25)

and integration is performed over the entire stellar volume. The surface of a
rotating white dwarf is close to the surface of a rotational ellipsoid. To find inte-
gration constants we use the method of successive approximations. We restrict
ourselves to integrating over the inner part of a rotational ellipsoid ξ ≤ ξ1(x0)
(the unshaded region in Fig. 1, where ξp(x0) is the polar radius, and ξe(x0) is
the equatorial one) to find constants a2l(x0). Substituting expressions (16), (19)
for Y (ξ′, θ′) in equation (24) and linearizing the subintegral function relative to
Ω2, we obtain

y(ξ|x0) + Ω2

{

ψ0(ξ|x0) +
∑

l≥1

a2l(x0)P2l(t)ψ2l(ξ|x0)

}

=

= 1 +
ξ2Ω2

6

(

1− P2(t)

)

+
1

4π

∫

Q(ξ, ξ′)×

×

{[

y2(ξ′|x0) +
2

ε0
y(ξ′|x0)

]3/2

+Ω2Φ(ξ′|x0)×

×

[

ψ0(ξ
′|x0) +

∑

l≥1

a2l(x0)P2l(t
′)ψ2l(ξ

′|x0)

]}

dξ′.

(26)
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Figure 1. A schematic representation of the quarter part of the meridional section of

a white dwarf.

The region of integration is determined by

0 ≤ ξ′ ≤ ξ0(t
′) at 1 ≥ |t′| ≥ t(x0); t(x0) = cos θ(x0),

0 ≤ ξ′ ≤ ξ1(x0) at 0 ≤ |t′| ≤ t(x0),
(27)

where the polar angle θ(x0) is determined by the intersection of Chandrasekhar
sphere and the ellipsoid surface ξ0(t

′), therefore

ξp(x0){1− e2(x0)[1− t2(x0)]}
−1/2 ≈ ξ1(x0), (28)

where e(x0) is the eccentricity of the ellipsoid, ξe(x0), ξp(x0) and e(x0) depend
on Ω and are determined self-consistently. The outer region of the ellipsoid
(darkened) is given by

ξ1(x0) ≤ ξ′ ≤ ξ0(t
′) at 0 ≤ |t′| ≤ t(x0). (29)

Using the integral form of equations for functions y(ξ′) and ψ0(ξ
′|x0), it is

possible to cast equation (26) to such form, that does not contain terms of type
a2l(x0)P2l(t)ψ2l(ξ|x0) (they are cancel each other), and equation (26) acquires
the form

∑

l≥1

P2l(t)ξ
2l

{

a2l(x0)S2l,2l(x0) +
∑

m≥1

(1− δm,l)a2m(x0)S2m,2l(x0)

}

=

= −
ξ2

6
P2(t)−

∑

l≥1

P2l(t)ξ
2l

{

I2l(x0)

2
+
L2l(x0)

Ω2
+D2l(x0)

}

.

(30)
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According to orthogonality of the Legendre polynomials from equality (30) we
find the system of algebraic equations for integration constants

a2(x0)S2,2(x0) +
∑

m≥2

a2m(x0)S2m,2(x0) =

= −
1

6

(

1 + 3I2(x0)

)

−
L2(x0)

Ω2
−D2(x0),

a2l(x0)S2l,2l(x0) +
∑

m≥1

a2m(x0)(1− δm,l)S2m,2l(x0) =

= −
I2l(x0)

2
−
L2l(x0)

Ω2
−D2l(x0)

(31)

at l ≥ 2. In formulae (30), and (31) introduced the following notations

S2l,2m(x0) =

1
∫

t(x0)

P2l(t
′)P2m(t′)dt′

ξ1(x0)
∫

ξ0(t′)

(ξ′)1−2m×

×

{

2l(l + 1)

(ξ′)2
ψ2l(ξ

′|x0)−∆ξ′ψ2l(ξ
′|x0)

}

dξ′,

S2l,2l(x0) = (4l + 1)−1ξ−2l
1

{

(2l + 1)ψ2l(ξ1|x0) + ξ1
dψ2l(ξ1|x0)

dξ1

}

+

+

1
∫

t(x0)

P 2
2l(t)

{

ξ−2l
0

[

(2l + 1)ψ2l(ξ0|x0) + ξ0
dψ2l(ξ0|x0)

dξ0

]

−

− ξ−2l
1

[

(2l + 1)ψ2l(ξ1|x0) + ξ1
dψ2l(ξ1|x0)

dξ1

]}

dt,

L2l(x0) =

1
∫

t(x0)

P2l(t
′)dt′

ξ1(x0)
∫

ξ0(t′)

(ξ′)1−2l

{

y2(ξ′|x0) +
2

ε0
y(ξ′|x0)

}3/2

dξ′,

D2l(x0) =

1
∫

t(x0)

dt′P2l(t
′)

ξ1(x0)
∫

ξ0(t′)

(ξ′)1−2l
{

∆ξ′ψ0(ξ
′|x0)

}

dt′,

I2(x0) = −2

1
∫

t(x0)

P2(t
′){ln ξ0(t

′)− ln ξ1(x0)}dt
′,

I2l(x0) = (l − 1)−1

1
∫

t(x0)

P2l(t
′){[ξ0(t

′)]2−2l − [ξ1(x0)]
2−2l}dt′.

(32)
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We have two representations of the equilibrium equation solution: in the in-
ner region representation (16), in periphery – (23). Integration constants c2l(x0),
b2l(x0) are determined from the continuity condition on the sphere ξ1(x0) at
0 ≤ |t| ≤ t(x0). In this part of the sphere |t| has a small value, therefore
42(1− t2)5/2 ≃ 13− 25P2(t)+ 18P4(t)+ . . . . In the approach to P4(t) inclusive,
integration constants are determined by the following relations

c0(x0) = ξ1
y′(ξ1)

Ω2
+

{

ψ0(ξ1)−
ξ21
2

+ ξ1ψ
′
0(ξ1)

}

+
13

175

(

2

ε0

)3/2

Ωξ51 ;

b0(x0) = ξ1

{

ψ0(ξ1)−
ξ21
6

− c0(x0) +
13

42 · 25

(

2

ε0

)3/2

Ωξ51

}

;

c2(x0) =
1

6
+
a2(x0)

5ξ21

{

3ψ2(ξ1) + ξ1ψ
′
2(ξ1)

}

−
4

5 · 21

(

2

ε0

)3/2

Ωξ31 ;

b2(x0) = ξ31

{

a2(x0)ψ2(ξ1) +
ξ21
6

− c2(x0)ξ
2
1 −

1

42

(

2

ε0

)3/2

Ωξ51

}

;

c4(x0) =
1

9ξ41

{

a4(x0)[5ψ4(ξ1) + ξ1ψ
′
4(ξ1)] +

6

35

(

2

ε0

)3/2

Ωξ51

}

;

b4(x0) = ξ51

{

a4(x0)ψ4(ξ1)− c4(x0)ξ
4
1 +

3

175

(

2

ε0

)3/2

Ωξ51

}

.

(33)

In formulae (33) ξ1 ≡ ξ1(x0), y
′(ξ1) ≡ ∂y(ξ1)/∂ξ1, ψ

′
2l(ξ1) ≡ ∂ψ2l(ξ1|x0)/∂ξ1,

ψ2l(ξ1) ≡ ψ2l(ξ1|x0).
Systems of equations (31) and (33) are not independent because the coef-

ficients (32) depend on the form of white dwarf’s surface ξ0(t) determined by
solutions (16) and (23). Therefore, systems of equations (31) and (33) should
be solved by a self-consistent method of iterations. In the zero approximation
for the surface of a rotating white dwarf we accept the Chandrasekhar sphere
(ξ0(t) = ξ1(x0)). In this approximation only S2l,2l(x0) are non-zero, and con-

stant a
(0)
2 (x0) is determined by

a
(0)
2 (x0) = −{6S

(0)
2,2(x0)}

−1 = −
5

6
ξ21(x0)

{

3ψ2(ξ1|x0) + ξ1ψ
′
2(ξ1|x0)

}−1

(34)

and does not depend on the angular velocity Ω. All other constants a
(0)
2l (x0)

at l ≥ 2 are zero. This approximation corresponds to the Milne-Chandrasekhar
(Milne, 1923; Chandrasekhar, 1933) approximation in the polytropes theory and

is applicable for small angular velocities. In this approximation we find c
(0)
0 (x0),

b
(0)
0 (x0), c

(0)
2 (x0), b

(0)
2 (x0) by expressions (33). Found in this way constants de-

termined the zero approximation of functions (16) and (23). The surface of a
rotating white dwarf is close to the surface of a rotational ellipsoid. Therefore
in the subsequent iteration of ξ0(t) we adopt the surface of such ellipsoid, whose



34 M.Vavrukh, D.Dzikovskyi and S. Smerechynskyi

polar and equatorial radii are determined from functions (16) and (23) in the
zero approximation. In this case, the coefficients I2l(x0), L2l(x0), D2l(x0) and
S2m,2l(x0) at l ≥ 1 are already non-zero, the functions S2l,2l(x0) are being spec-

ified. From system (31) we determine constants a
(1)
2 (x0), a

(1)
4 (x0), which makes

it possible to find constants b
(1)
2l (x0), c

(1)
2l (x0) and specify the surface equation

ξ0(t) etc. It is enough to perform 4-5 iterations. As a result we obtain functions
(16) and (23) with integration constants depending on x0 and ω, which deter-
mine the shape of the white dwarf’s surface, not only the polar and equatorial
radii

Rp(x0|ω) =
R0

µeε0
ξp(x0|ω), Re(x0|ω) =

R0

µeε0
ξe(x0|ω). (35)

Herewith ξp(x0|ω) is determined by condition YI(ξ, 0) = 0 and ξe(x0|ω) – by
condition YII(ξ, π/2) = 0. The stellar surface ξ0(t) is determined by conditions

YI(ξ, θ) = 0 at 1 ≥ |t| ≥ t(x0),

YII(ξ, θ) = 0 at t(x0) ≥ |t| ≥ 0.
(36)

The volume of a white dwarf equals

V (x0|ω) =
4π

3

{

R0

µe

}3

v(x0|ω), v(x0|ω) =
1

ε30

1
∫

0

ξ30(t)dt. (37)

Its mass is determined by integration of the density ρ(r) over the volume

M(x0|ω) =
M0

µ2
e

M(x0|ω),

M(x0|ω) =

1
∫

0

dt

ξ0(t)
∫

0

ξ2
{

Y 2(ξ, θ) +
2

ε0
Y (ξ, θ)

}3/2

dξ.

(38)

The moment of inertia relative to the axis of rotation is

I(x0|ω) =

∫

ρ(r)r2 sin2 θdr =
M0R

2
0

µ4
e

J (x0|ω),

J (x0|ω) =
1

ε20

1
∫

0

(1− t2)dt

ξ0(t)
∫

0

ξ4
{

Y 2(ξ, θ) +
2

ε0
Y (ξ, θ)

}3/2

dξ.

(39)

The value of equatorial gravity is

GM(x0|ω)

R2
e(x0|ω)

− ω2Re(x0|ω) =
GM0

R2
0

ge(x0|ω),

ge(x0|ω) =
M(x0|ω)ε

2
0

ξ2e(x0|ω)
−
ω2

ω2
0

ξe(x0|ω)

µeε0
.

(40)
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The total energy of a white dwarf is

E(x0|ω) = E0(x0|ω) + Egrav(x0|ω) + Erot(x0|ω), (41)

where E0(x0|ω) is the kinetic energy of the electron subsystem, Egrav(x0|ω) is
the gravitational energy of the nuclear subsystem, Erot(x0|ω) is the energy of
the rotation of a star as a whole. Using relations between the pressure P0(x) and
the energy E0(x) of an ideal homogeneous electron subsystem (with a number
of electrons Ne in a volume V )

P0(x) =
(m0c

~

)3

(9π2Ne)
−1x4

dE0(x)

dx
, (42)

we can obtain the expression for the volume density of energy

E0(x) =
E0(x)

V
= 3x3

x
∫

0

ds

s4
P0(s) =

πm4
0c

5

3h3

{

x3[(1+x2)1/2−1]−
1

8
F(x)

}

. (43)

The density of kinetic energy in an inhomogeneous model E(x(r)) is obtained
by substitution x→ x(r) in formula (43), therefore

E0(x0|ω) =

∫

E0(x(r))dr =
E0

µ3
eε

3
0

1

4π

∫

V

{

x3(ξ)[(1+x2(ξ))1/2−1]−
1

8
F(x(ξ))

}

dξ,

x(ξ) = ε0

{

Y 2(ξ, θ) +
2

ε0
Y (ξ, θ)

}1/2

≡ ε0X(ξ, θ), (44)

where

E0 = G
M2

0

R0
=

(

3

2

)1/2
1

4π

h3/2c7/2m0

G3/2m3
u

(45)

is the scale of energy.
According to formula (2) the gravitational energy can be represented in the

form

Egrav(x0|ω) = −
E0ε0
2µ3

e

(4π)−2

∫∫

V

X3(ξ1, θ1)X
3(ξ2, θ2)|ξ1 − ξ2|

−1dξ1dξ2. (46)

Using equation (24) and definition of kernel (25) we obtain the relation

(4π)−1

∫

V

X3(ξ2, θ2)|ξ1 − ξ2|
−1dξ2 =

= Y (ξ1, θ1)− 1 + C(x0|ω)− ξ21ω
2(1− P2(t1))(3µeω

2
0ε

3
0)

−1,

C(x0|ω) = (4π)−1

∫

V

X3(ξ, θ)
dξ

ξ
.

(47)
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This allows us to represent Egrav(x0|ω) in the form of an integrals’ sum by a
vector ξ

Egrav(x0|ω) = −
E0ε0
2µ3

e

{

(4π)−1

∫

V

Y (ξ, θ)X3(ξ, θ)dξ+

+ [C(x0|ω)− 1]M(x0|ω)−
ω2

µeω2
0ε0

J (x0|ω)

}

.

(48)

The energy of rotation is

Erot(x0|ω) =
E0

2µ4
e

J (x0|ω)
ω2

ω2
0

. (49)

3.1. Determination of model parameters and characteristics of white
dwarfs according to the observed data

There are two parameters in the considered model – the relativistic parameter
x0 and the chemical composition parameter µe ≈ 2.0. The angular velocity ω
compounds to its observed value. The mass of a white dwarf that is a component
of a binary system can be determined from observations of orbital motions of
components, using the Kepler law.

1. For the white dwarf V1460 Her there is known the period of rotation P =
38.9 s, which corresponds to the angular velocity ω = 0.162 s−1. The observed
value of mass Mobs = 0.869M⊙ is given in the work of Ashley et al. (2020).
In this case the inverse problem is completely defined, which allows us to
determine the parameter x0 for this white dwarf as a root of the equation

Mobs =
M0

µ2
e

M(x0|ω), (50)

where M(x0|ω) is determined by expressions (38). According to our cal-
culations, this white dwarf corresponds to the model with the relativistic
parameter

x0 = 1.850 at µe = 2.0. (51)

The dimensionless values of characteristics calculated by formulae (35) –
(49) are shown in Tab. 1. Herewith E (x0|ω) is the total energy of a white
dwarf in units E0µ

−3
e . The values ξp(x0|ω) and ξe(x0|ω) correspond to the

Table 1. Characteristics of the white dwarf V1460 Her.

ξp(x0|ω) ξe(x0|ω) M(x0|ω) J (x0|ω) ge(x0|ω) E (x0|ω)
1.9010 1.9891 1.20668 0.67521 0.341987 −0.308615
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following parameters of the polar and equatorial radii

Rp(x0|ω) ∼= 6.70 · 103 km, Re(x0|ω) ∼= 7.01 · 103 km. (52)

According to these data, we find the average matter density of a white dwarf

ρ̄ =Mobs

{

4

3
πR2

e(x0|ω)Rp(x0|ω)

}−1

= 1.258 · 106 g/cm
3
, (53)

as well as the matter density in the stellar center according to formula (2)

ρc =
muµe

3π2

(mec

~

)3

x30 = 12.449 · 106 g/cm
3
. (54)

The maximal (critical) angular velocity for this white dwarf stemming from
the formula

ωmax =

(

GMobs

R3
e

)1/2

, (55)

equals 0.581 s−1 and the ratio η = ω/ωmax = 0.279.

2. For the white dwarf LAMOST J024048.51+195226.9 from observations there
is known only the period of rotation P = 25 s (angular velocity
ω = 0.251 s−1), and its mass is unknown (Pelisoli et al., 2021). In this sit-
uation, there are not enough observed data for the accurate solution of the
inverse problem. It is only possible to ascertain the parameter x0 and char-
acteristics of a white dwarf. The critical angular velocity is determined from
formulae (40) at ge(x0|ω) = 0

ωmax = ω0

{

µeε
3
0M(x0|ωmax)

ξ3e(x0|ωmax)

}1/2

. (56)

The angular velocity of this white dwarf is very high. Let us assume that it
is close to the maximal value. Putting in equation (56) ωmax = ω, we find
the root of this equation

x0 = 1.383 at µe = 2.0. (57)

This value of x0 corresponds to the following values of characteristics

M(x0|ω) = 1.07886; J (x0|ω) = 1.1004;

ξp(x0|ω) = 1.3732; ξe(x0|ω) = 1.9422;

M(x0|ω) = 0.779M⊙; Rp
∼= 7.56 · 103 km; Re

∼= 10.67 · 103 km.

(58)

The average matter density of a white dwarf and the matter density in the
center equal ρ̄ = 0.429 · 106 g/cm

3
and ρc = 5.201 · 106 g/cm

3
respectively.
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3. Analogous estimates we performed for the white dwarf CTCV J2056-3014
with the period of rotation P = 29.6 s (ω = 0.212 s−1) (Lopes de Oliveira
et al., 2020). In the approximation ωmax = ω we find that

x0 = 1.209 at µe = 2.0;

M(x0|ω) = 0.966456; J (x0|ω) = 1.1843;

ξp(x0|ω) = 1.1915; ξe(x0|ω) = 1.7271;

M(x0|ω) = 0.697M⊙; Rp(x0|ω) ∼= 8.14 · 103 km;

Re(x0|ω) ∼= 11.79 · 103 km.

(59)

For this white dwarf ρ̄ = 0.293 · 106 g/cm
3
, ρc = 3.475 · 106 g/cm

3
.

4. Model with Coulomb interparticle interactions

Next, it is reasonable to consider the auxiliary model with Coulomb interparticle
interactions but without axial rotation, putting ω = 0 and using the equations
of state (6)-(8). The model has spherical symmetry and three dimensionless
parameters – x0, µe and the nuclear charge z ≥ 2. In variables

ξ = r/λ(x0), ỹ(ξ|z) = ε−1
0 {[1 + x2(r)]1/2 − 1} (60)

the equilibrium equation is similar to equation (17)

∆ξ ỹ(ξ|z) = L̂ỹ(ξ|z)−

{

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

}3/2

, (61)

where

L̂ỹ(ξ|z) = ϕ1(x|z)∆ξ

{

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

}1/2

+

+ ϕ2(x|z)

{

d

dξ

[

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

]1/2}2

.

(62)

Here we introduced the notation

ϕ1(x|z) =
1

8x3
df(x|z)

dx
, ϕ2(x|z) =

ε0
8

d

dx

{

1

x3
df(x|z)

dx

}

,

x ≡ x(ξ) = ε0

(

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

)1/2

.

(63)

Equation (61) satisfies the same boundary conditions as equation (17). The root
of equation ỹ(ξ|z) = 0 determines the dimensionless radius of a star, ξ1(x0|z),
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in the scale λ(x0), therefore, expressions for the mass and radius are analogous
to relations (35), (38),

R(x0|z) =
R0

µeε0
ξ1(x0|z), M(x0|z) =

M0

µ2
e

M(x0|z),

M(x0|z) =

ξ1(x0|z)
∫

0

{

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

}3/2

ξ2dξ.

(64)

The solutions of equation (61) are found numerically in the region of the
parameters 1 ≤ x0 ≤ 3; 2 ≤ z ≤ 12. Dependence of the dimensionless mass
M(x0|z) and the dimensionless radius on the parameters (x0, z) are illustrated
in Tab. 2. As it was shown in Table, the relative decrease of the mass due

Table 2. Dependence of the dimensionless mass M(x0|z) and the dimensionless radius

ξ1(x0|z) on the parameters x0 and z (z = 0 corresponds to the standard model).

x0
M(x0|z) ξ1(x0|z)

z = 0 z = 2 z = 6 z = 12 z = 0 z = 2 z = 6 z = 12
1.0 0.707066 0.689037 0.673304 0.65581 1.03478 1.00101 0.98820 0.97452
2.0 1.24303 1.22092 1.20126 1.17904 2.06029 2.02512 2.00634 1.98521
3.0 1.51862 1.49465 1.47331 1.44912 2.78229 2.74631 2.72424 2.70033

to Coulomb interparticle interactions {M(x0|0) − {M(x0|z)}{M(x0|0)}
−1 at

z = 2 equals 2.5% at x0 = 1 and 1.6% at x0 = 3; at z = 6 respectively 4.8%
at x0 = 1 and 3% at x0 = 3; similarly at z = 12 we have 7.2% at x0 = 1 and
4.6% at x0 = 3. The relative decrease of the radius due to Coulomb interparticle
interactions is a monotonously decreasing function of the relativistic parameter
x0 and a monotonously increasing function of the charge z and does not exceed
5.8%.

Equation (61) can be simplified by taking into account that derivatives
dEcor(x)/dx and dE2(x)/dx almost do not depend on x. Therefore, ϕ2(x|z) is
very small and it can neglected. The function ϕ1(x|z) weakly depends on x and
can be approximated by expression ϕ1(x|z) ≈ β(z)ϕ1(x0|z),

ϕ1(x0|z) = α0

[

1

π
+

2d0
3γ

z2/3
]

+
4

3
α2
0

{

dεcor(x0)

dx0
+ z4/3

dε2(x0)

dx0

}

. (65)

Since for small and intermediate values of the variable ξ
{

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

}1/2

≈ ỹ(ξ|z)

{

1 +
2

ε0

}1/2

, (66)

equation (61) can be approximately rewritten in the form

{

1−

(

1 +
2

ε0

)1/2

β(z)ϕ1(x0|z)

}

∆ξ ỹ(ξ|z) = −

{

ỹ2(ξ|z) +
2

ε0
ỹ(ξ|z)

}3/2

. (67)
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Passing from the variable ξ to the variable ζ employing ξ = kζ at

k ≡ k(x0|z) =

{

1−

(

1 +
2

ε0

)1/2

β(z)ϕ1(x0|z)

}1/2

, (68)

equation (67) acquires the form

∆ζ ỹ(kζ|z) = −

{

ỹ2(kζ|z) +
2

ε0
ỹ(kζ|z)

}3/2

. (69)

Due to the fact that equation (69) does not differ from equation (17), ỹ(kζ|z) =
y(ζ), where y(ζ) is the solution of equation (17). From the condition y(ζ) = 0
we obtain the dimensionless radius of a star ζ1(x0) = ξ1(x0), and from the
condition ỹ(ξ|z) = 0 – the radius ξ1(x0|z) = kξ1(x0). The mass and radius of a
white dwarf are determined by the equilibrium equation in approximation (67)

M(x0|µe|z) = k3(x0|z)
M0

µ2
e

M(x0),

R(x0|µe|z) = k(x0|z)
R0ξ1(x0)

µeε0(x0)
,

(70)

where M(x0) and ξ1(x0) correspond to the Chandrasekhar model. Approxima-
tions (65) and (66) create small errors in the calculation of the model character-
istics. At β(z) = 0.75+(z− 6) · 0.0033 the relative deviation of mass, calculated
by formula (70) from the above in Tab. 2, is less than 0.1%.

Approximations (65) and (66) allow us to rewrite the equilibrium equation of
a white dwarf taking into account the axial rotation and Coulomb interparticle
interactions

{

1−

(

1 +
2

ε0

)1/2

β(z)ϕ1(x0|z)

}

∆ξ,θỸ (ξ, θ) = Ω2 −

{

Ỹ 2(ξ, θ) +
2

ε0
Ỹ (ξ, θ)

}3/2

.

(71)
By substitution ξ = k(x0|z)ζ, equation (71) reduces to equation (10) for the
function Ỹ (kζ, θ). Therefore, Ỹ (kζ, θ) = Y (ζ, θ) is the solution of equation
(10) in which there should be made the replacement ξ → ζ. Thus, all the
characteristics of a white dwarf are obtained from those calculated by formulae
(37)-(49). Since r = k(x0|z)λ(x0)ξ, then

ξe(x0|ω|z) = k(x0|z)ξe(x0|ω); ξp(x0|ω|z) = k(x0|z)ξp(x0|ω);

v(x0|ω|z) = k3(x0|z)v(x0|ω); M(x0|ω|z) = k3(x0|z)M(x0|ω);

J (x0|ω|z) = k5(x0|z)J (x0|ω); |E (x0|ω|z)| = k5(x0|z)|E (x0|ω)|;

ge(x0|ω|z) = k(x0|z)ge(x0|ω).

(72)
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Table 3. Macroscopic characteristics of the white dwarf V1460 Her with a known

mass.

z M(x0|ω) M/M⊙ ξp(x0|ω|z) Rp, 10
3km ξe(x0|ω|z) Re, 10

3km
2 1.20668 0.869 1.8898 6.66 1.9774 6.96
6 1.20668 0.869 1.8810 6.62 1.9672 6.93
12 1.20668 0.869 1.8685 6.58 1.9551 6.89

Table 4. Macroscopic characteristics of the white dwarf LAMOST

J024048.51+195226.9.

z M(x0|ω|z) M/M⊙ ξp(x0|ω|z) Rp, 10
3km ξe(x0|ω|z) Re, 10

3km
2 1.0568 0.763 1.3638 7.50 1.9289 10.60
6 1.0378 0.749 1.3556 7.45 1.9173 10.54
12 1.0155 0.733 1.3458 7.40 1.9034 10.46

Table 5. Macroscopic characteristics of the white dwarf CTCV J2056-3014.

z M(x0|ω|z) M/M⊙ ξp(x0|ω|z) Rp, 10
3km ξe(x0|ω|z) Re, 10

3km
2 0.9450 0.682 1.1826 8.07 1.7142 11.70
6 0.9266 0.669 1.1749 8.02 1.7030 11.63
12 0.9049 0.653 1.1656 7.96 1.6896 11.54

5. Conclusions

It is known from observations that the average masses of single white dwarfs are
close to 0.6M⊙. There is a small number of white dwarfs of large masses in binary
systems, which are close to the Chandrasekhar limit due to accretion effects. The
considered objects in this article should belong to the typical moderately massive
white dwarfs, the prototype of which is Sirius B. From numerous observations
it follows that the mass of Sirius B equals (1.018± 0.0011)M⊙, and its average
radius is (0.8089±0.0046) ·10−2R⊙ ≃ (5.63896 ·103±32.03164) km (Bond et al.,
2017). Obviously, not very large masses of such white dwarfs are due to their
rapid rotation. Unfortunately, there is no reliable data on the angular velocity
of Sirius B.

1. For the white dwarf V1460 Her from the observations there are known the
dynamic mass and angular velocity, which creates an ideal possibility to de-
termine the relativistic parameter x0 and calculation of all required charac-
teristics. Axial rotation and Coulomb interparticle interactions are compet-
ing factors, their impacts being small. Therefore, we take them into account
in a linear approximation, neglecting the cross-effects and use of the rela-
tivistic parameter x0, which were found within the model with axial rotation
(without Coulomb interparticle interactions). As it was shown in Tab. 3, the
influence of Coulomb interparticle interactions lead to decreasing of white
dwarf sizes.
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2. From observations of white dwarfs LAMOST J024048.51+195226.9 and
CTCV J2056-3014 there are known only their angular velocities. In this
case, we performed an evaluation of characteristics (mass, polar and equa-
torial radii), assuming that the observed angular velocity is close to the
maximal angular velocity ωmax. Dependence of characteristics on a chemi-
cal composition parameter (on average the nuclear charge z) for given two
white dwarfs is illustrated in Tabs. 4 and 5. Coulomb interparticle inter-
actions lead to decreasing of the mass and sizes of white dwarfs without
changing a mass-radius relation.

3. As it follows from our calculations, the values of masses of three white dwarfs
are close to each other and do not exceed the mass of the Sun. Moments of
inertia of these white dwarfs have the same order of magnitude, and in the
Chandrasekhar model they equal 0.63670 for V1460 Her, 0.76149 for LAM-
OST J024048.51+195226.9 and 0.80515 for CTCV J2056-3014. To calculate
the moment of inertia of the white dwarf Sirius B in the Chandrasekhar
model, it is necessary to solve the inverse problem, determining parameters
x0 and µe from the system of equations

R(x0|µe) =
R0

µeε0
ξ1(x0), M(x0|µe) =

M0

µ2
e

M(x0),

M(x0) =

ξ1(x0)
∫

0

{

y2(ξ) +
2

ε0
y(ξ)

}3/2

ξ2dξ,

(73)

putting instead R(x0|µe) and M(x0|µe) their observed data. Thus we find
that x0 = 2.3806, µe = 1.9879, and the dimensionless moment of inertia
calculated by the formula

J (x0|0) =
2

3ε20

ξ1(x0)
∫

0

{

y2(ξ) +
2

ε0
y(ξ)

}3/2

ξ4dξ (74)

equals 0.51178. All this gives reasons to hope that the white dwarf Sirius B
has a rapid axial rotation, and determining its speed from observations is an
urgent problem.
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Abstract. We present observations of six asteroids crossing the orbit of Mars
obtained at Mt. Koshka observatory of INASAN in 2014–2016. Our multicolor
photometry made it possible to determine the apparent magnitudes of asteroids
in BVRcIc photometric bands, as well as their taxonomic class according to
Tholen’s classification. The periods of rotation were determined for asteroids
9773, 32575, 97679, and 313591. For asteroid 8355 Masuo the rotation period
determined earlier was confirmed. Our observations support the long period of
rotation for asteroid 122463 (presumably about 19 days).

Key words: asteroids: photometry – asteroids: Tholen classification

1. Introduction

Since 2010, multicolor observations of asteroids have been carried out at the 1-
m telescope in Simeiz. The most important asteroids are those approaching the
Earth’s orbit (NEA). However, not a lot of NEA have a sufficient brightness to
obtain high-quality multicolor photometric observations. So we choose objects
from much more numerous Mars-crossing asteroids which are related to the NEA
group. These asteroids in some cases can cross the Earth’s orbit or approach the
Earth. NEA and Mars-crossing asteroids can move from one group to another
due to orbit changing. It is important to investigate the taxonomy and rotation
of Mars-crossing asteroids, compare them to NEA and follow the evolution of
their orbits.

Mars-crossing asteroids are also interesting because of their connection to
Mars. Automatic vehicles are visiting Mars’ orbit and go down to its surface.
Small objects associated with Mars, such as meteor showers and fireballs, can
seriously interfere with the work of automatic stations exploring its surface and,
in the future, inhabited settlements. We must have comprehensive information
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about the physical and mineralogical properties of near-Martian asteroids. Some
of them can be in future a source of industrial minerals.

2. Observations

Thoroughly calibrated photometric systems make it possible to obtain reliable
data on the physical and mineralogical features of the small bodies in Solar
System.

Our photometrical multicolor observations were carried out with a Zeiss-1000
cassegrain (D =1 m, f/12.7) in the Simeiz observatory of INASAN. An FLI PL-
09000 (3056x3056) CCD array was equipped with a BVRcIc filter set which
realized the Johnson-Cousins photometric system. 5x5 binning provided a 0.97”
pixel size. Seeing was usually 3-4”. More information about the observatory and
telescope one may find in Nikolenko et al. (2019).

Table 1 presents the orbital parameters of asteroids under investigation from
the Small Body Database1.

Table 2 contains their physical parameters from the same source.

Table 1. Elements of the orbits. The columns sequentially list: The object number,

the size of the semi-major axis of the orbit a, its eccentricity e, its inclination to the

line of sight i, the longitude of the ascending node W, the argument of perihelion w,

the Earth Minimum Orbit Intersection Distance (MOID), the Jupiter MOID, and the

Jupiter Tisserand invariant Tj.

Object a e i W w Earth Jupiter Tj
MOID MOID

au deg deg deg au au
8355 2.336 0.288 7.705 154.140 196.326 0.657 2.425 3.499
9773 2.681 0.388 14.700 277.512 15.582 0.628 1.507 3.221
32575 2.225 0.337 2.232 229.088 98.305 0.465 2.395 3.569
97679 1.571 0.132 50.815 196.325 138.410 0.403 3.539 4.001
122463 2.162 0.321 8.716 157.614 158.169 0.458 2.478 3.613
313591 2.382 0.423 11.885 312.090 32.101 0.382 2.086 3.384

Information about the observations is presented in Table 3.
The details of our observations’ method and analysis technique are described

in Volkov et al. (2019) and Barabanov et al. (2019). The transformation coef-
ficients from the instrumental system to the standard one were published in
Barabanov et al. (2021b). Some previous results on asteroids 8355, 9773, and
32575 were published in Barabanov et al. (2021a). For taxonomy derivation, a

1https://ssd.jpl.nasa.gov/tools/sbdb lookup.html
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Table 2. Physical parameters. The columns sequentially list: The object number, the

absolute stellar magnitude, its diameter D, the geometric albedo and the rotation

period P.

Object Absolute mag D, km Albedo P, hours
8355 14.40 3.874 0.277 6.0677
9773 13.79 4.016 0.377 2.74595
32575 15.42 2.157 0.325 4.5344
97679 16.64 - - -
122463 15.59 - - 426
313591 16.56 - - -

Table 3. Observation log. The columns sequentially list: The object, the observation

date, the heliocentric distance r, the geocentric distance ∆, the phase angle α, exposure

times and the number of frames.

Object Date (JD) r (au) ∆ (au) α (deg) exposure (sec) Frames
8355 2456918 1.6691 0.6717 7.7 30-120 283
9773 2457242 1.6604 0.6828 15.0 30-60 160

2457248 1.6687 0.7099 17.7 30-60 314
2457249 1.6702 0.7149 18.1 30-60 402
2457250 1.6718 0.7202 18.6 30-60 160

32575 2456881 1.4762 0.4642 6.3 60 160
2456882 1.4757 0.4634 5.9 60-150 224

97679 2456937 1.3951 0.4074 12.7 20-60 649
2456939 1.3972 0.4076 11.5 30-60 745
2456940 1.3983 0.4087 11.3 30-40 503
2456942 1.4005 0.4127 11.8 20-60 593

122463 2457611 1.4686 0.4593 7.1 60-80 57
2457612 1.4687 0.4597 7.2 60-80 112
2457613 1.4690 0.4603 7.3 60-80 83

313591 2456884 1.3830 0.4289 26.1 120-180 96
2456885 1.3819 0.4263 25.8 120-180 104
2456886 1.3810 0.4238 25.5 120-180 136

set of standard spectra of taxonomic classes were used, see Tholen (1989) and
Tholen (1984).
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3. Processing of observations.

Our multicolor observations made it possible to determine with sufficient accu-
racy the apparent stellar magnitudes and color indices of asteroids - see Table 4.
The choice of reference stars in each frame satisfies the following conditions: the
stars should be sufficiently bright (10m–12m), their color indices B − V < 1.2
and they should be located at the same frame with the asteroid (Barabanov
et al. (2021b)). The number of reference stars in a single frame satisfying these
conditions varied from 1 to 4. We interpolated tables from Straižys (1992) to find
V −Rc, Rc− Ic color indices of each reference star according to its B−V color
index derived from B, V magnitudes taken from the APASS DR10 catalogue2.

Magnitudes of asteroid 8355, for technical reasons, were derived with only
one reference star. In the case of asteroid 32575, the error obtained from obser-
vations seems to be underestimated.

Table 4. Stellar magnitudes of asteroids in BVRcIc and their color indices with errors.

Object B V Rc Ic B-V V-Rc V-Ic
8355 16.29 15.36 14.80 14.41 0.93 0.56 0.95

0.08 0.15 0.22 0.23 0.09 0.08 0.1
9773 16.01 15.10 14.61 14.25 0.91 0.48 0.85

0.08 0.15 0.22 0.23 0.09 0.08 0.1
32575 16.06 15.23 14.82 14.46 0.84 0.41 0.77

0.03 0.02 0.02 0.04 0.05 0.02 0.06
97679 17.22 16.29 15.83 15.50 0.93 0.46 0.79

0.13 0.12 0.07 0.09 0.06 0.07 0.07
122463 16.11 15.21 14.93 14.33 0.91 0.27 0.88

0.06 0.02 0.08 0.08 0.07 0.08 0.16
313591 17.28 16.57 16.23 15.90 0.72 0.33 0.66

0.05 0.05 0.1 0.13 0.04 0.08 0.1

A set of standard spectra of taxonomic classes we construct using Tholen
(1984) description. We transferred stellar magnitudes in different spectral ranges
to energetic units, normalized them to the flow in the V band and compare with
standard Tholen’s spectra. The specific class of asteroids was determined by the
minimum of the mean-square deviation of the coarse spectrum of the asteroid
obtained from observations (four points) from the standard spectrum, as shown
in the Figures with even numbers below.

Next, we present for each asteroid the relative spectrum energy distribution
and phased with rotational period light curves Table 5.

2https://www.aavso.org/apass



48 A.S.Kravtsova, I.M.Volkov and S.I. Barabanov

3.1. (8355) Masuo 1989 RQ1

(8355) Masuo 1989 RQ1 was discovered on September 5, 1989 at the Palo-
mar Observatory by the American astronomer Eleanor Helin and named after
Japanese astronomer Masuo Tanaka (University of Tokyo).

Our observations of this asteroid were carried out only for 5 hours, which
makes it impossible to correct its period 6.0677 h – from Small Body Database3.
We can only say that our observations do not contradict previous data, see
Fig. 1. Estimates of the variability semi-amplitude in different spectral regions
are: AB = 0.m09, AV = 0.m1, ARc = 0.m1, AIc = 0.m09. The distribution of
energy in the spectrum best corresponds to the taxonomic class A - see Fig. 2.
There is a relatively large mismatch in B due to its big error.
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Figure 1. The phased light curve of 8355 asteroid in BVRcIc bands. P = 6.0677 h.

Bmean = 16m.29, Vmean = 15m.36, Rcmean = 14m.80, Icmean = 14m.41. The solid

curve corresponds to a sinusoid with a variability amplitude.

3https://ssd.jpl.nasa.gov/tools/sbdb lookup.html
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Figure 2. Energy distribution in the spectrum of asteroid 8355 Masuo. Dimensionless

quantities are plotted along the y axis - the flux normalized to the solar one with a co-

efficient according to the works of Tholen. The curves of different colors correspond to

some of the indicated standard taxonomic classes according to Tholen (1989), Tholen

(1984). Black circles with error bars are observed data. Everything is normalized to

the flux in the V filter, so that this point is considered accurate (indicated without an

error bar), and the inaccuracy of observations in V is taken into account in the flux

errors in other spectral bands.

3.2. (9773) 1993 MG1

(9773) 1993 MG1 was discovered on June 23, 1993 at the Palomar Observatory
by astronomer Eleanor Helin (E.F. Helin).

We have determined the value of the rotation period P = 2.7461 ± 0.0002
hours - see Fig. 3, which confirms the value determined by Benishek & Brincat
(2016) within their errors. We can’t get better accuracy due to the short dura-
tion of our observations. Estimates of the variability semi-amplitude in different
spectral regions are: AB = 0.m11, AV = 0.m13, ARc = 0.m13, AIc = 0.m14. The
taxonomic class corresponds to the class S - see Fig. 4.

3.3. (32575) 2001 QY78

(32575) 2001 QY78 was discovered on August 16, 2001 as part of the LINEAR
(Lincoln Near-Earth Asteroid Research) program at the Socorro Observatory,
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Figure 3. The phased light curve of 9773 asteroid in BVRcIc bands. P = 2.74608 h.

Bmean = 16m.01, Vmean = 15m.10, Rcmean = 14m.61, Icmean = 14m.25. Points of

the same color correspond to one observation night: The legend shows correspondence

between color and observation JD. The solid curve corresponds to a sinusoid with a

variability amplitude.
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Figure 4. Energy distribution in the spectrum of asteroid 9773. Symbols are the same

as in Fig. 2.
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New Mexico.
The rotation period of the asteroid was determined by us as P = 4.5331 ±

0.0017 hours, which coincides with previous measurements (4.5344 h – see the
Small Body Database4) within errors. As in the case of asteroid 9733, increasing
the duration of observations will improve the accuracy of the value of the rota-
tion period. The phased light curve corresponding to the found period is shown
in Fig. 5. Estimates of the variability semi-amplitude in different spectral re-
gions are: AB = 0.m41, AV = 0.m4, ARc = 0.m4, AIc = 0.m38. From BVRcIc
photometry, the value of the taxonomic class Q is obtained, see Fig. 6.
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Figure 5. The phased light curve of 32575 asteroid in BVRcIc bands. P = 4.53312

h. Bmean = 16m.06, Vmean = 15m.23, Rcmean = 14m.82, Icmean = 14m.46. Points of

the same color correspond to one observation night: The legend shows correspondence

between color and observation JD. The solid curve corresponds to a sinusoid with a

variability amplitude.

3.4. (313591) 2003 MB7

(313591) 2003 MB7 was discovered on June 28, 2003 as part of the LINEAR
program at the Socorro Observatory, New Mexico.

4https://ssd.jpl.nasa.gov/tools/sbdb lookup.html
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Figure 6. Energy distribution in the spectrum of asteroid 32575. Symbols are the

same as in Fig. 2.

0.3

0.0

-0.3

0.3

0.0

0.3

0.0

-0.5 0.0 0.5
0.3

0.0

2456884
2456885
2456886

B

V

Rc

Ic

Phase
Figure 7. The phased light curve of 313591 asteroid in BVRcIc bands. P = 7.92 h.

Bmean = 17m.28, Vmean = 16m.57, Rcmean = 16m.23, Icmean = 15m.90. Points of

the same color correspond to one observation night: The legend shows correspondence

between color and observation JD. The solid curve corresponds to a sinusoid with a

variability amplitude.
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We estimated the value of the period P ≈ 7.92 hours, see Fig. 7. The peri-
odogram built with our program (Volkov, 2022) shows two approximately equal
peaks at the given period value and at 6.85 hours. After close examination of
phased with these periods light curves, we have chosen the larger one as it has
less systematic deviations. It is impossible to determine the precise value of the
period from the available data. The final conclusion can be made only after
additional observations. Estimates of the variability semi-amplitude in different
spectral regions are: AB = 0.m15, AV = 0.m15, ARc = 0.m16, AIc = 0.m14.
Very accurate values of the color indices of the asteroid have been obtained,
they correspond to Tholen’s taxonomic class C, see Fig. 8.
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Figure 8. Energy distribution in the spectrum of asteroid 313591. Symbols are the

same as in Fig. 2.

3.5. (97679) 2000 GG2

(97679) 2000 GG2 was discovered on April 3, 2000 as part of the LINEAR
program at the Socorro Observatory, New Mexico. At the time of processing
the observations, no physical and chemical parameters were known, except for
the absolute magnitude, see Table 2. We have succeeded in detecting periodic
variations in brightness, but the accuracy of observations is comparable to the
amplitude of the variations, which can lead to an erroneous value of the rotation
period, see Fig. 9. We consider this period to be 7.964 ± 0.004 hours. Further
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observations will help to confirm this value. Estimates of the variability semi-
amplitude in different spectral regions are: AB = 0.m15, AV = 0.m15, ARc =
0.m08, AIc = 0.m12.

Multicolor observations have allowed us to determine the taxonomic class
of this asteroid as S, although there is a non-zero probability that it can also
belong to the R class – see Fig. 10.
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Figure 9. The phased light curve of 97679 asteroid in BVRcIc bands. P = 7.9644 h.

Bmean = 17m.22, Vmean = 16m.29, Rcmean = 15m.83, Icmean = 15m.50. Points of

the same color correspond to one observation night: The legend shows correspondence

between color and observation JD. The solid curve corresponds to a sinusoid with a

variability amplitude.

3.6. (122463) 2000 QP148

(122463) 2000 QP148 was discovered as part of the LINEAR program at the
Socorro Observatory, New Mexico. The estimated value of the rotation period is
426.3 hours, i.e. more than 17 days, see Table 2, and examples of asteroid light
curves5. With only three consecutive nights of observations at hand, we can
neither confirm nor deny this value. Our observations are presented in Fig. 11.
We did not find any brightness’ fluctuations at times from tens of minutes
to several hours. To accurately determine the rotation period, it is necessary
to organize systematic observations of this object during several months. The
distribution of energy in the spectrum is shown in Fig. 12. We believe that the
Tholen taxonomic class of this asteroid corresponds to the T class.

5https://www.asu.cas.cz/ asteroid/122463.png
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Figure 10. Energy distribution in the spectrum of asteroid 97679. Symbols are the

same as in Fig. 2.
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Figure 11. The non-phased light curve of 122463 asteroid in BVRcIc bands.

Bmean = 16m.11, Vmean = 15m.21, Rcmean = 14m.93, Icmean = 14m.33.
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Figure 12. Energy distribution in the spectrum of asteroid 122463. Symbols are the

same as in Fig. 2.

Table 5. The rotation period P , the magnitude in the V band (with error), and the

Tholen taxonomy.

Object P, hours V (err), mag Taxonomy
according Tholen

8355 - 15.36 (15) A
9773 2.74608 (24) 15.10 (15) S
32575 4.53312 (17) 15.23 (2) Q
97679 7.9644 (36) 16.29 (12) S
122463 - 15.21 (2) T
313591 7.92 (2) 16.57 (5) C

4. Conclusion

Photometric multicolor high-precision observations of six Mars-crossing aster-
oids were made with the Zeiss-1000 telescope in Simeiz during 2014–2016. For
all of them, apparent stellar magnitudes and color indices were obtained, and an
assessment of the taxonomic class according to Tholen was made. For asteroids
97679 and 313591 the period of proper rotation was estimated for the first time.
For asteroids 9773 and 32575 our independent determination of the rotation pe-
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riod coincides with the previous estimates within their errors. Asteroid 122463
requires a long (several months) monitoring to determine the value of the rota-
tion period. Undoubtedly, targeted photometric observations of Mars-crossing
asteroids will make it possible to determine their origin. These observations will
have not only scientific but also obvious practical value.
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Abstract. An effect of the contributions from σ∗ and φ mesons on the sur-
face gravitational redshift of PNS PSR J0740+6620 is studied with relativistic
mean field theory in consideration of a baryon octet. We find that the energy
density ε increases relative to the same pressure p as the contributions from
σ∗ and φ mesons are taken into account. Relative to the same central energy
density, the radius R of the PNS increases while the mass M , the mass radius
ratio M/R and the surface gravitational redshift z of the PNS decrease, taking
into account the contributions from σ∗ and φ mesons. Under the constraint
of mass M=2.08 M⊙, considering the contributions from σ∗ and φ mesons,
for the PNS PSR J0740+6620, the radius decreases by about -0.08%, the cen-
tral energy density increases by about 0.89%, the central pressure increased by
about 0.76%, the mass radius ratio increases by about 0.08%, and the surface
gravitational redshift increases by about 0.17% from z=0.31663 to z=0.31718.

Key words: stars: binaries - general: stars

1. Introduction

Neutron stars (NSs) are extremely dense because of their large mass M and
small radius R (Glendenning, 1997). The mass of an NS will provide constraints
on its properties. For example, the mass of an NS would constrain the symmetry
energy within it (Li et al., 2021), and perhaps the properties of an NS could also
be explained by dark matter (Ding et al., 2022).

Whenever a new massive NS is found, it will inevitably provide some new
restrictions on the properties of NS matter. In recent years, several massive
NSs have been discovered in succession. In 2010, NS PSR J1614-2230 was ob-
served (Demorest et al., 2010; Fonseca et al., 2016) and three years later an-
other more massive NS PSR J0348+0432 was found (Antoniadis et al., 2013).
In 2019, NS PSR J0740+6620 was observed, possibly the most massive NS to
date, with a mass of M = 2.14+0.10

−0.09 M⊙ (2020) (Cromartie et al., 2020), or M =

2.08+0.07
−0.07 M⊙ (2021) (Fonseca et al., 2021). Why NS PSR J0740+6620 has such

a large mass can be explained by scalar tensor theories of gravity by Degollado
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et al (Degollado et al., 2020). The mass of NS PSR J0740+6620 suggests that
the equation of state (EoS) of NS matter must be hard enough, and it rules out
some EoSs that are too soft (Zhou et al., 2019). Since NS PSR J0740+6620 is
much more massive than an NS of mass 1.4 M⊙, it is much denser than an NS
of mass 1.4 M⊙ (Han et al., 2020).

The mass radius ratio M/R of an NS determines its surface gravitational
redshift z. If we know the mass radius ratio M/R of an NS we can calculate
its surface gravitational redshift z, and vice versa. NSs are relatively easy to
observe. So if we know the surface gravitational redshift z of an NS and the
mass of the NS, we can calculate its radius R. It can be seen that the surface
gravitational redshift z of an NS is an important physical quantity to describe
the properties of an NS (Glendenning, 1997).

An NS is formed from a proto neutron star (PNS) that emit energy through
neutrino radiation. The PNS is formed in the center of a supernova explosion
due to gravitational collapse. A PNS can have temperatures as high as T=30
MeV. The theoretical study of PNSs is helpful to understand the evolution of
NSs (Burrows et al., 1986; Prakash et al., 1997).

The interaction between nucleons in PNS matter can be described in terms
of σ, ω and ρ mesons. However, the interaction between the hyperons, which can
be described in terms of mesons f0(975) (denoted as σ∗) and φ(1020) (denoted
as φ), must also have some effect on the properties of the PNS matter (Schaffner
et al., 1994; Mu et al., 2017).

In this paper, we study the effect of the contributions from σ∗ and φ mesons
on the surface gravitational redshift of the PNS PSR J0740+6620 using the
relativistic mean field (RMF) theory (Zhou, 2016).

2. RMF theory of finite temperature NS matter

The Lagrangian density of finite temperature NS matter (Glendenning, 1997;
Schaffner et al., 1994) is

L =
∑

B

ΨB(iγµ∂
µ −mB + gσBσ + gσ∗Bσ

∗

−gωBγ
0ω − gφBγ

0φ− gρBγ
0τ3ρ)ΨB

−1

2
m2

σσ
2 − 1

3
g2σ

3 − 1

4
g3σ

4

+
1

2
m2

ωω
2 +

1

2
m2

ρρ
2 − 1

2
m2

σ∗σ∗2 +
1

2
m2

φφ
2

+
∑

λ=e,µ

Ψλ (iγµ∂
µ −mλ)Ψλ. (1)



60 X.F. Zhao

The energy density and the pressure of mesons and baryons (Glendenning,
1987a,b) are respectively

ε =
1

2
m2

σσ
2 +

1

2
m2

σ∗σ∗2 +
1

3
g2σ

3 +
1

4
g3σ

4

+
1

2
m2

ωω
2
0 +

1

2
m2

φφ
2 +

1

2
m2

ρρ
2
03

+
∑

B

2JB + 1

2π2

∫ ∞

0

κ2nB(k)dκ
√

κ2 +m∗2
B , (2)

p = −1

2
m2

σσ
2 − 1

2
m2

σ∗σ∗2 − 1

3
g2σ

3 − 1

4
g3σ

4

+
1

2
m2

ωω
2
0 +

1

2
m2

φφ
2 +

1

2
m2

ρρ
2
03

+
1

3

∑

B

2JB + 1

2π2

∫ ∞

0

κ4

√

κ2 +m∗2
B

nB(k)dκ, (3)

where nB(k) is the Fermi-Dirac distribution function of baryon

nB(k) =
1

1 + exp [(εB(k)− µB) /T ]
. (4)

The energy density and the pressure of leptons are respectively

ε =
∑

l

1

π2

∫ ∞

0

κ2nl(k)dκ
√

κ2 +m2
l

+
∑

ν

(

7π2T 4

120
+

T 2µ2
ν

4
+

µ4
ν

8π2

)

, (5)

p =
1

3

∑

l

1

π2

∫ ∞

0

κ4

√

κ2 +m2
l

nl(k)dκ

+
∑

ν

1

360

(

7π2T 4 + 30T 2µ2
ν +

15µ4
ν

π2

)

. (6)

The mass and radius of the PNS are obtained by the TOV equation (Tolman,
1939; Oppenheimer et al., 1939)

dp

dr
= −

(p+ ε)
(

M + 4πr3p
)

r (r − 2M)
, (7)

M = 4π

∫ R

0

εr2dr. (8)
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The PNS’s surface gravitational redshift can be obtained by (Glendenning,
1997):

z =
1

√

1− 2(M/R)
− 1. (9)

3. Parameters

In this work, we select eight sets of nucleon coupling parameters to calculate
PNSs: DD-ME1 (Typel et al., 1999), GL85 (Glendenning, 1985), GL97 (Glen-
denning, 1997), TW99 (Typel et al., 1999), GM1 (Glendenning et al., 1991),
FSUGold (Todd-Rutel et al., 2005), FSU2R (Laura et al., 2017) and FSU2H
(Laura et al., 2017). In the early stage of formation, the temperature of the
PNS can be as high as 30 MeV. We choose the PNS PSR J0740+6620’s tem-
perature as T=20 MeV (Burrows et al., 1986).

Denoting hyperons Λ,Σ and Ξ) by h, we define xσh = gσh

gσ
= xσ, xωh =

gωh

gω
= xω, xρh =

gρh
gρ

, which are in the range from 1/3 to 1 (Glendenning et

al., 1991). The parameter xρh is selected by quark SU(6) symmetry (Schaffner
et al., 1996; Schaffner-Bielich et al., 2000). The calculation results show that
the bigger xσh and xωh are, the bigger PNS mass is (Zhao, 2019). Therefore, in
order to obtain the largest possible mass of the PNS, we must choose the largest
possible hyperon coupling parameters xσh and xωh. We select xωh=0.9 and xσh

can be obtained by the following formula (Glendenning, 1997)

U
(N)
h = mn

(

m∗
n

mn

− 1

)

xσh +

(

gω
mω

)2

ρ0xωh, (10)

where we choose hyperon-potentials as follows U
(N)
Λ = −30 MeV (Weissenborn

et al, 2012; Gal et al., 2016), U
(N)
Σ =30 MeV (Schaffner-Bielich et al., 2000;

Weissenborn et al, 2012; Gal et al., 2016; Batty et al., 1997) and U
(N)
Ξ = −14

MeV (Harada et al., 2010). We choose xσ∗h and xφh as follows (Schaffner et al.,
1994)

xσ∗Λ = xσ∗Σ = 0.69, xσ∗Ξ = 1.25, (11)

xφΛ = xφΣ = −
√
2

3
, xφΞ = −2

√
2

3
. (12)

Without considering the contributions from σ∗ and φ mesons, we calcu-
late the PNS by using the above eight groups of nucleon coupling parameters,
and find that only the maximum masses (denoted as Mmax) of the PNS ob-
tained by DD-MEI, TW99 and GM1 are greater than that of the PNS PSR
J0740+6620 (see Fig. 1). Among these three sets of parameters, the mass and
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radius of the PNS PSR J0740+6620 given by GM1 are in agreement with the
results of Fonseca et al. (M = 2.08+0.07

−0.07 M⊙ (Fonseca et al., 2021)) and Miller

et al.(R=13.7+2.6
−1.5 km (Miller et al., 2021)). Therefore, we use GM1 to study the

influence of the contributions from σ∗ and φ mesons on the surface gravitational
redshift of the PNS PSR J0740+6620.
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Figure 1. The relationship between the mass M or the maximum mass Mmax of the

PSR J0740+6620 and the radius R of the PNS. The contributions from σ∗ and φ

mesons are not considered in the calculation. The PNS’s temperature is chosen as

T=20 MeV.

4. The energy density and the pressure in the PNS PSR

J0740+6620

The upper half of Fig. 2(a) shows the energy density ε of the PNS as a function
of the pressure p. The lower half of Fig. 2(b) represents an enlarged view of the
curve in the box in (a). The PNS’s temperature is assumed to be 20 MeV. The
red real curve does not consider the contributions from σ∗ and φ mesons, while
the green virtual curve does. The curve ends at the central energy density εc
and the central pressure pc of the PNS PSR J0740+6620.
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Figure 2. (a) The energy density ε of the PNS as a function of the pressure p. (b)

A magnified view of the curve in the box in figure (a). The PNS’s temperature is

assumed to be 20 MeV. The red real curve does not consider the contributions from

σ∗ and φ mesons, while the green virtual curve does. The curve ends at the central

energy density εc and the central pressure pc of the PNS PSR J0740+6620.

We can see from Fig. 2(a) that the energy density ε of the PNS increases
as the pressure p increases. We also see that the energy density ε increases
relative to the same pressure p, taking into account the contributions from
σ∗ and φ mesons. Under the constraint of mass M=2.08 M⊙, considering the
contributions from σ∗ and φ mesons, the central energy density of the PNS
PSR J0740+6620 increases by about 0.89% from εc=1.013×1015 g.cm−3 to
εc=1.022×1015 g.cm−3 (see Table 1); the central pressure of the PNS PSR
J0740+6620 increased from pc=2.118×1035 dyne.cm−2 to
pc=2.134×1035 dyne.cm−2, increasing by about 0.76%.

5. The radius and the surface gravitational redshift of PNS

PSR J0740+6620

The PNS’s mass M and radius R as a function of the central energy density
εc are shown in Fig. 3. The left ordinate represents the mass of the PNS, and



64 X.F. Zhao

Table 1. The calculation results of PNS PSR J0740+6620 in this work. The mass

of PNS PSR J0740+6620 is M = 2.08 M⊙. εc, pc, R, M/R and z are the central

energy density, the central pressure, the radius, the mass radius ratio and the surface

gravitational redshift of PNS PSR J0740+6620, respectively.

parameter unit without σ∗ and φ with σ∗ and φ percentage
εc g.cm−3 1.013×1015 1.022×1015 0.89%
pc dyne.cm−2 2.118×1035 2.134×1035 0.76%

M/R M⊙/km 0.14327 0.14338 0.08%
R km 14.518 14.507 -0.08%
z 0.31663 0.31718 0.17%

the right ordinate represents the radius of the PNS. The PNS’s temperature is
assumed to be 20 MeV. The red real curve does not consider the contributions
from σ∗ and φ mesons, while the green virtual curve does.

We see that the mass M of the PNS increases and the radius R decreases
as the central energy density εc increases. Relative to the same central energy
density, the mass of the PNS decreases and the radius increases, taking into
account the contributions from σ∗ and φ mesons. Under the constraint of mass
M=2.08 M⊙, considering the contributions from σ∗ and φ mesons the radius
of the PNS PSR J0740+6620 decreases by about -0.08% from R=14.518 km to
R=14.507 km (see Table 1).

Figure 4 gives the mass radius ratio M/R and the surface gravitational red-
shift z of the PNS as a function of the central energy density εc. The PNS’s
temperature is assumed to be 20 MeV. The red real curve does not consider the
contributions from σ∗ and φ mesons, while the green virtual curve does. The
curve ends at the central energy density εc and the central pressure pc of the
PNS PSR J0740+6620.

We see that the mass radius ratio M/R and the surface gravitational redshift
z of the PNS all increase with the increase of the central energy density εc.
Relative to the same central energy density εc, the mass radius ratio M/R
and the surface gravitational redshift z of the PNS are reduced considering the
contributions from σ∗ and φ mesons. As it can also be seen from Fig. 4 and
Table 1, under the limit of mass M=2.08 M⊙, the mass radius ratio of PNS
PSR J0470+6620 increases from M/R=0.14327 M⊙/km to M/R=0.14338 by
about 0.08%, and the surface gravitational redshift of PNS PSR J0470+6620
increases by about 0.17% from z=0.31663 to z=0.31718, taking into account the
contributions from σ∗ and φ mesons.

Fig. 5, Fig. 6 and Fig. 7 respectively show the variation of the surface grav-
itational redshift z of the PNS with the radius R, the mass M and the mass
radius ratio M/R. Figure (b) in Figs. 5 and 6 are enlarged views of the curves
in the boxes in corresponding figures (a), respectively. In Fig. 7, in order to sep-
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Figure 3. The PNS’s mass M and radius R as a function of central energy density εc.

The left ordinate represents the mass of the PNS, and the right ordinate represents

the radius of the PNS. The PNS’s temperature is assumed to be 20 MeV. The red

real curve does not consider the contributions from σ∗ and φ mesons, while the green

virtual curve does.

arate the curves that take into account the contributions from σ∗ and φ mesons
and those that do not, we add 0.01 to the curve that takes into account the
contributions from σ∗ and φ mesons, that is, z→z + 0.01.

Relative to the same radius R, the surface gravitational redshift z of the
PNS decreases, taking into account the contributions from σ∗ and φ mesons
(see Fig. 5). Similarly, given the contributions from σ∗ and φmesons, the surface
gravitational redshift z of the PNS increases relative to the same mass M (see
Fig. 6). As it can also be seen from Fig. 7, considering the contributions from σ∗

and φmesons, the surface gravitational redshift of the PNS does not change with
respect to the same mass radius ratio M/R, which can be known by formula
(9).

In addition, under the constraint of mass M=2.08 M⊙, the radius R of PNS
PSR J0740+6620 will decrease, and the mass-radius ratio M/R and surface
gravitational redshift z of PNS PSR J0740+6620 will increase (see Fig. 5, Fig. 6,
Fig. 7 and Table 1).
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Figure 4. The mass radius ratio M/R and the surface gravitational redshift z of the

PNS as a function of the central energy density εc. The PNS’s temperature is assumed

to be 20 MeV. The red real curve does not consider the contributions from σ∗ and

φ mesons, while the green virtual curve does. The curve ends at the central energy

density εc and the central pressure pc of the PNS PSR J0740+6620.

Given the mass of the PNS PSR J0740+6620 by Fonseca et al. (Fonseca et
al., 2021), and the radius by Miller et al. (Miller et al., 2021), we can calculate
the mass radius ratio to be 0.1233 M⊙/km<M/R<0.1762 M⊙/km and the sur-
face gravitational redshift of the PNS PSR J0740+6620 to be 0.2541<z<0.4440
(see the shaded boxes in Fig. 5-Fig. 7). It can be seen that our calculated results
are in good agreement with the observed values.

The above results are valid for spherically symmetric static PNSs. For a ro-
tating NS, the maximum mass increases by about 20%, and the NS becomes
axisymmetric (Cook et al., 1994). The gravitational redshift of a rotating NS is
a little more complicated than the previous NS as static and spherically sym-
metric, where we need to consider the polar redshift zp, the equatorial redshift
in the backward direction zb, and the quatorial redshift in the forward direction
zf (Tu et al., 2022).
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Figure 5. (a) The PNS’s surface gravitational redshift z as a function of the radius

R. (b) A magnified view of the curve in the box in figure (a). The PNS’s temperature

is assumed to be 20 MeV. The red real curve does not consider the contributions from

σ∗ and φ mesons, while the green virtual curve does. The curves end at the radius R

of the PNS PSR J0740+6620.

6. Summary

We studied the effect of the contributions from σ∗ and φ mesons on the surface
gravitational redshift of PNS PSR J0740+6620 with RMF theory in consider-
ation of a baryon octet. Here, we use eight sets of nucleon coupling constants
GL85, GL97, GM1, DD-MEI, TW99, FSUGold, FSU2R and FSU2H to calcu-
late the PNS. The temperature of the PNS is chosen as T=20 MeV. We find
that only three of them (DD-MEI, GM1 and TW99) can give the PNS PSR
J0740+6620’s mass. We use GM1 to describe the PNS PSR J0740+6620.

The energy density ε of the PNS increases as the pressure p increases. The
PNS’s radius R decreases while the mass M , the mass-radius ratio M/R and the
surface gravitational redshift of PNS increase with the increase of the central
energy density εc.

The energy density ε increases relative to the same pressure p, taking into
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Figure 6. (a) The PNS’s surface gravitational redshift z as a function of the mass M .

(b) A magnified view of the curve in the box in figure (a). The PNS’s temperature is

assumed to be 20 MeV. The red real curve does not consider the contributions from

σ∗ and φ mesons, while the green virtual curve does.

account the contributions from σ∗ and φ mesons. Relative to the same central
energy density, the radius R of the PNS increases while the mass M , the mass-
radius ratio M/R and the surface gravitational redshift z of the PNS decrease,
taking into account the contributions from σ∗ and φ mesons.

Under the constraint of mass M=2.08 M⊙, considering the contributions
from σ∗ and φ mesons, for the PNS PSR J0740+6620, the radius decreases
by about -0.08% from R=14.518 km to R=14.507 km, the central energy den-
sity increases by about 0.89% from εc=1.013×1015 g.cm−3 to εc=1.022×1015

g.cm−3, the central pressure increased by about 0.76% from pc=2.118×1035

dyne.cm−2 to pc=2.134×1035 dyne.cm−2, the mass radius ratio increases from
M/R=0.14327 M⊙/km to M/R=0.14338 by about 0.08%, and the surface grav-
itational redshift increases by about 0.17% from z=0.31663 to z=0.31718.

Taking into account the contributions from σ∗ and φ mesons, the surface
gravitational redshift z of the PNS decreases relative to the same radius R, and
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does. The curves end at the mass radius ratio M/R of the PNS PSR J0740+6620. In

order to separate the curves that take into account the contributions from σ∗ and φ

mesons and those that do not, we add 0.01 to the curve that takes into account the

contributions from σ∗ and φ mesons, that is, z→z + 0.01.

increases relative to the same mass M , but does not change with respect to the
same mass-radius ratio M/R

After accounting for the contributions of σ∗ and φ mesons, the radius and
surface gravitational redshifts are slightly changed compared to the case without
σ∗ and φ mesons. But the changes are too small to be inffered from astronomical
observations.
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PRÁCE ASTRONOMICKÉHO OBSERVATÓRIA
NA SKALNATOM PLESE
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